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We show that the quasi-exponential solution exp( 87— A4r2) of R+ aR? gravity 1s an attractor for all homogencous and 1sotropic
solutions of higher order gravity theories denved from a lagrangian that is an arbitrany analytic function of the scalar curvature
R. This indicates that a generalized form of the cosmic no-hair conjecture 1s vahid 1n the framework of higher order gravity

theones.

1. Recently much theoretical interest has been fo-
cused on the question of the naturalness of the infla-
tionary scenario. One can address this question in
many diffcrent ways. but the essence of it can be stated
as follows: Does the inflationary phase in the evolu-
tion of the universe proceed from veny general initial
conditions? In other words is the inflationary solu-
tion an “attractor” to all possible pre-inflationary
states of the universe?

A closcly related issue 1s what is known as the
cosmic no-hair conjecture ! ]: All expanding-uni-
verse models with positive cosmological constant
asymptotically approach the de Sitter solution. Let us
point out from the beginning that (1) a precisc ver-
sion of this conjecture is very difficult to formulate,
mainly because of the vagueness associated with the
terms “‘asymptotic approach™ and “expanding uni-
verse'; (2) therc is no general proof (or disproof ) of
this conjecturc; and (3) some counter-examples ex-
1st of the form “'initially eaxpanding-universe models
recollapse to a singularity™ without ever becoming de
Sitter type universes (sec ref. [2]).

However, Wald [ 3] has proven the following sim-
plified version of the cosmic no-hair conjecture: All
Bianchi-type (homogeneous but anisotropic ) models,
except Bianchi IX, with a positive cosmological con-
stant asymptotically approach the de Sitter solution.
Note that for the validity of Wald's result (and in fact
for the validity of all cosmic no-hair conjectures ) the
stress tensor of any matter fields 1s constrained to sat-

isfy the dominant and strong encrgy conditions [4].
Further. some indication that the cosmic no-hair
conjecture may be¢ true in some inhomogeneous
models has been given in ref. [5]. In fact Starobinski
in ref. [6] has shown that inhomogeneous space-
times that do inflate are of the most general type.

One may use the conformal cquivalence theorem
(cf. ref. [7]) frecly to prove similar results in the
context of higher-order gravity theories derived from
a lagrangian of the gencral form

Luoo =f(R) . (1)

where f(R) is an arbitrary analytic function of the
scalar curvature R, which presumably is important
during the prec-inflationary phasc. However, the pres-
ent incomplete status of the proof of the cosmic no-
hair theorem in the setting of gencral relativistic cos-
mology does not allow one to conclude unambigu-
ously that a finite period of inflation fits naturally into
the more general cosmological framework we arc
considering.

On the other hand 1t is a very impornant result
(6.8.9] that f(R) theories without a cosmological
constant still admit a near-de Sitter solution corre-
sponding to a quasi-exponcntial cxpansion of the
universe. This solution, in the case of the quadratic
lagrangian f(R) = R+ aR?, has the form

ao(1)=cxp(Br—A1?) (2)

with 4, Bconstantsand 4=1/72a<0.
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2. In this paper we present an indirect proof of a
generalized form of the cosmic no-hair theorem valid
in the framework of higher order gravity theories de-
nved from the lagrangian (1). The conjecture is as
follows:

Conjecture 1. All solutions of the higher order grav-
11y theory derived from the lagrangian (1) with (a)
a metric which can be written in a synchronous form
and (b) a stress—cnergy tensor which satisfics the
strong and dominant enecrgy conditions asymptoti-
cally approach the quasi-de Sitter solution (2).

In the following we assume the validity of (a) and
(b) in the above conjecture. This is a reasonable as-
sumption to make as can be casily checked by trans-
forming the lagrangian (1) into the equivalent sys-
tem of Einstein gravity plus a scalar ficld matter
source with a particular self-interaction potential 7).
Then onc casily sces that the stress-energy tensor of
that scalar field satisfies the assumption (b) appear-
ing in our conjecture.

Our proof 1s based on a perturbation analysis of
the solutions (2). This method is similar in spirit to
the analysis presented by Barrow and Ottewill [9] in
the scnse that they considered the stability of de Sit-
ter solutions to higher order gravity of the exponen-
tial form a,=exp(H,t) and were able to show that
thesc solutions are stable 1n higher order gravity pro-
vided certain conditions hold. For cxample, in qua-
dratic lagrangian theorics of the form R+ aR? these
solutions are stable if a <0 and unstable if a> 0.

Since (2) are not solutions of gencral relativity, a
stability analysis of (2) in f(R) theories is ¢ssen-
tially equivalent to cxaminming the validity of the
cosmic no-hair conjccture for solutions of the form

a(t)=exp(Br~A*)[1 +¢(1)]
le(r) |« 1. (3)

If these solutions turn out to have a stable regime 1n
higher order gravity, then 1n that regime 4¢, from (2)
will be an attractor for all solutions of the form (3)
and the cosmic no-hair thcorem will follow immedi-
ately.

3. We now derive the general perturbation equa-
tion for the quasi-de Sitter solution (2) in the frame-
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work of f(R) theoryv. To simplify the calculation we
set v=B- 4r. Then procecding similarly as in refs.
[9.10] and after some manipulation we find that the
perturbation £(¢) for every > 0 satisfics the equation
[10]

‘, ”
f(,'é'+[3f(;v+.4(48f.’,”x-+ ‘-f")]e'

2
— 3o+ 120315 - 34(1920% 5 - 81 5) )€
=0. (4)

where fo=f(R,) etc. (cf. refs. [9,10]) for this nota-
tion). In the case where A =0 this equation reduces
to the perturbation equation that describes the evo-
lution of perturbations to the de Sitter space of gen-
eral relativity [9]. By solving eq. (4) we can decide
whether or not the quasi-dc Sitter space given above
15 a stable solution of the /(R) theory.

Setting é = ¢, dividing both sides by f {; and putting
Ai=fo/3iand23=/7/3f eq. (4) becomes

.. . 24 .
) b -
o+3<(8 ..Az)(l+48.4,1_)+3(8_ ’))0

— (21 +84+4(B=241)(1-1444:3) )0
=0. (5)

Now with B-24r=1. ¢(t)=u(t) and ‘'=d/dr, ¢q.
(5) becomes

ru"+(_3a' 3= u’+(———kr3 Y r)u
24 442 44°

=0, (6)

where a,=1+4844i3, ;y=i}+84 and k=4(1-
144,153 ). Under the transformation

3a
= _T . 7
u(r) rexo(sA t)u(t) (7)

¢q. (6) becomes

W (1) + (1)

=0. (8)

At this point some remarks arc in order. Therc is no
known solution to ¢q. (8) [11]. Nevertheless, we
shall show that there is no loss of generality in the
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overall result if we disregard either the 77 or the t*
terms 1n eq. (8). We consider these two cases
scparately.

(1) The removal of the t* tcrm 1n (8) requires

+—:=0, (9)

and in this casc eq. (8) becomes a Lommel equation
[12]. Note in passing that condition (9) means that
2} and a arc restricted so that

~
N

SRRV

(10)

R |

Condition (10) in the casc of the gravitational la-
grangian (1) means that the coefficients a, i=1, ...
n of the powers of R in the Taylor expansion around
R, arc constrained to the hypersurfaces (10) on the
n-dimensional space spanncd by the «,.

Thus solving (8) and taking into account (10) we
find

< . x? A A Ry .
()= '2]!).\ C‘p(-;)],(mI v — Al -—8.4)(1\
+ﬂo"c“’(.-i)‘\'(muv“""8"')‘1‘

+C3.
1=B-211, ()

where J, and .V, are the Besscl functions of the first
and second kind respectively. The asymptotic behav-
iour of the perturbation &(f) as 7 soc(r—o0) de-
pends on the sign of —27 —8.41n (11). We quote the
results:

(I) ~43 —84>0.For¢-+x {t—2) and duc to the
obvious continuity of the integrals with respect to 1
and the asymptotic behaviour of J,(2). N, (z) *' we
observe that the lim, .. €(f) cxists since 4 <0. We
notc that this is an important conclusion as it is in
accordance with the basic physical assumption which
must be imposed on A (sce eq. (2) and following).
Thercfore, with =8 —24¢ we find from (11}, by us-
ing standard formulae from ref. [12],

*' As . one has J,(2)~2""2cos(z~3n/4). N (z)~2"""*
xsin(z—3x/4) (cf.ref. [12)).

PHYSICSLETIERS B

23 December 1993

lim &(¢)

+¢3. (12)

where F,( ) and B, »,..( ) are the confluent hy-
pergeometnic and Whittaker functions respectively.

We conclude that |¢(r)] is bounded for all r and
thus the constants ¢,. ¢» and ¢; in (12) can be chosen
such that lim,_, , e(r)=0. Alternatively, for suffi-
ciently large 7 1n ¢q. (11). the perturbation €(¢) can
be made arbitranly small by choosing ¢,. ¢> and ¢;
appropriately.

(I1) —/77 —8.4<0. Here J,. ¥,in (11) are replaced
by the modificd Bessel functions /,, K, respectively.
The integrals in (11) converge for T—.20 since A <0
and
1y~ 2B . 2Rt

N Ve
Z— (13)

and so in this case we have again that [e(7)] is
bounded for all r and also that im, . &(r) =0, pro-
vided ¢,. ¢» and ¢; are chosen appropriately.

(111) 73 + 8.1 =0. Similarly we find

T

¢y o X3 . . .
()= 34 X cxp(;)cxp(.\)d.x
(1]
¢ X .\': N
+ 73 X exp(;-) exp( —x)dx
0
+('_\,

t=RB-21t. (14)

Obviously the intcgrals 1n (14) converge since 4 <0.
The result i1s again that lim,__ €(7)=0 can be en-
sured for appropriate ¢,. ¢; and ¢;.

(1i) Removing the r? term and following the same
analysisasin (1) above vieldshm, . .e(1) =0. |&(1)|
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being bounded for all 1 since 4 <0. In this case too
the coefficients «, in the gravitational lagrangian are
constrained to an (n— | )-hvpersurface.

Before we proceed two important points must be
stressed:

(1) Keeping just onc of the t* or r? term in (8)
does not affect the overall result and simply con-
straints the coefficients «, to move on a hypersurface.

{2) Morcover. the basic condition 4 < 0 appearing
in eq. (2). which 1s the only constraint needed to cn-
surc that j&(1) ! is bounded for all 1, persists irrespec-
uve of whether we remove the t* or the 12 term 1n
(8). Consequently. onc clearly observes that, as in
fact we have claimed. indecd no loss of generahity has
incurred through the analvsis in (1) and ().

4. As a consistency check consider. for example. the
cubic lagrangian theory

AAIRY=R+aR*+ fiR}. (15)

This choice Icads to some interesting cosmological
properuies relating to the sclf-regenerating mecha-
nism in stochastic inflation [13]. From (10) and
since a<0 (A=1/72a) we find (R,=128%)

68 _ B,

2= CaT 18R, ~ a+ 365" © (16)
and conditions (10), (16} require

Sa*
NLL, S— _ 7
A= 30 50amy - *<0 (an

Thus our conjecture 1s yustified in the casc of the la-
grangian (15) if a <0 and the constraint (17) holds
between a and §.

S. The above analysis shows that the generalized
form of the cosmic no-hair conjecture put forward 1n
this paper may be valid in the framework of higher
order gravity theories which are derived from the
gravitational lagrangian (1). This mcans that all so-
lutions of higher order gravity theories of the form
(3) are attracted by the solution (2) and. as time
passcs. the solutions (3) eventually settle down to a
quasi-stationary state described by (2). This result
belongs to the “world™ of higher order gravity alone
and docs not rely on knowledge of the cosmic no-hair
thcorem in general relativity. Since inflationary re-
gimes 1n higher order gravity theones do not scem 1o

71

PHYSICS LETTERS B

23 December 1993

depend on phasc transitions [8 ). the theorem proved
herc implies that the response of the quasi-de Sitter
phase (2) to small gravitational perturbations of ho-
mogcncous and 1sotropic type is good and gravita-
tional distortions typically do not affect its stabihity
1if the coefficient of the R? term in the gravitational
lagrangian comes in with a negative sign. Recall that
a <0 is also needed for the stability of Fricdman so-
lutions, the existence of wormhole solutions and the
absence of tachvons in higher order gravity theories
(cf. refs. [9.10] and references therein ). In this case
we showed that homogencous and isotropic gravita-
tional perturbations of the metric tensor tend to zero
asymptotically as r-»x. According to our picture
universes that are close to the quasi-de Sitter phase
(2) when inflation commences near the Planck time
in higher order gravity stay close during the subsc-
quent inflationary phase. It remains to be seen (pos-
sibly along the lines of ref. [14]) whether or not an-
1sotropic  or inhomogencous perturbations tend
asymptoucally to zcro as (-» . We lcave these more
general cases to a future publication.

We thank P.G.L. Leach for critically reading the
manuscript and the referec for drawing our attention
toref. [14]).
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