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We ,,,how that the quas,..expon¢ot,al solution exp( Br - . 4 t  2 ) of  R * o R :  gra~ tt) ts an attractor for all homogeneous and tsotroptc 
solutions of htgber order gravity theorses dcn~ed from a lagraagmn that ,s an arb,trar) anal.~ttc funchon of the scalar cur-,ature 
R. This sndlcate5 that a generalized form of the co~mtc no.-hasr conjecture is vahd sn the framework of h~gher order gra~sty 
theories. 

!. Recently much theorehcal interest has been fo- 
cused on the question of  the naturalness of  the infla- 
tionary scenario. One can address this question in 
many different ways. but the essence of  it can be stated 
as follows: Does the inflationary phase in the evolu- 
tion of  the universe proceed from vet') general initial 
conditions? In other words is the inflationary solu- 
tion an "'attractor" to all possible pre-infiationary 
states of  the universe? 

A closely related issue ts what is known as the 
cosmic no-hair conjecture [ I ]: All expanding-uni- 
verse models w~th posihve cosmological constant 
asymptotically approach the de Sitter solution. Let us 
point out from the beginning that ( I ) a precise ~er- 
sion of  this conjecture is very difficult to formulate. 
mainly because of  the vagueness assocmted with the 
terms "'asymptotic approach" and "'expanding uni- 
verse"; ( 2 ) there is no general proof ( or disproof ) of  
this conjecture: and ( 3 ) some counter-examples ex- 
,st of  the form "'initially expanding-universe models 
recollapsc to a singularity" without ever becoming de 
Sitter type untvcrses (see ref. [2] ). 

However, Wald [ 3 ] has proven the following sim- 
plified version of  the cosm,c no-hatr conjecture: All 
Bianchi-t:,'pe (homogeneous but anisotropic ) models. 
except Bianchi IX. with a positive cosmological con- 
stant as)mptotically approach the de S~tter solution. 
Note that for the validity of  Wald's result (and m fact 
for the validiD of  all cosmic no-hair conjectures ) the 
stress tensor of  any matter fields ~s constrained to sat- 
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isfy the dominant  and strong energy conditions [4 ]. 
Further, some indication that the cosmic no-hair 
conjecture may be true in some inhomogeneous 
models has been given in ref. [ 5 ]. In fact Starobinski 
in ref. [61 has shown that inhomogeneous space- 
times that do inflate are of  the most general type. 

One may use the conformal equivalence theorem 
(cf. ref. [7 ] )  freeb to prove mmilar results in the 
context of  higher.order gravity theories derived from 
a lagrangian of  the general form 

L , , ~  =J'~ R)  . { I ) 

where f ( R )  is an arbitrary analytic function of  the 
scalar curvature R, which presumably is important 
during the pre-inflationary phase. However, the pres- 
ent incomplete status of  the proof of  the cosmic no- 
hair theorem in the setting of  general relativistic cos- 
mology does not allow one to conclude unambigu- 
ously that a finite period ofinflatton fits naturally into 
the more general cosmological framework we are 
considering. 

On the other hand it is a very important result 
[6.8.9 ] that f ( R )  theories without a cosmological 
constant still admn a near.de Sitter solunon corre- 
sponding to a quasi-exponential expansion of  the 
universe. This solution, in the case of  the quadratic 
lagrangian f ( R ) = R + a R  :, has the form 

ao(t)  =exp (B t - . . f t ' -  ) (2) 

with ..I. B constants and .4 = I / 7 2 a  < O. 

All n~hts ~-~¢~ ¢d b~i 
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2. In this paper we present an redirect proof  of  a 
generalized form of the cosmic no-hair theorem valid 
in the f ramework of higher order gravity theories de- 
rived from the lagrangaan ( I ). The conjecture is as 
follows: 

Conjecture 1. All solutions of  the higher order grav- 
ity theory derived from the lagrangian ( 1 ) with (a)  
a metric which can be written in a synchronous form 
and (b)  a stress-energy tensor which satisfies the 
strong and dominant  energy conditions as.~mptoti- 
call.~ approach the quasi-de Sttter solution (2).  

In the following we assume the validfly of  (a )  and 
(b)  in the above conjecture. This is a reasonable as- 
sumption to make as can be easil.~ checked by trans- 
forming the lagrangian ( l ) into the equivalent sys- 
tem of Einstein gravity plus a scalar field matter  
source ~ath a particular self-interaction potential [7 ]. 
Then one easily sees that the stress-energy tensor of  
that scalar field satisfies the assumption (b)  appear- 
ing in our conjecture. 

Our proof  ts based on a perturbation analysis of  
the solutions (2) .  This method is similar in spirit to 
the analysis presented by Barrow and Ottewtll [ 9 ] in 
the sense that they considered the stabiliD of de Sit- 
ter solutions to higher order gravity of  the exponen- 
tial form a,)=exp(lIot) and were able to show that 
these solutions are stable m higher order gravity pro- 
vided certain conditions hold. For example,  in qua- 
dratic lagrangian theories of  the form R + czR 2 these 
solutions are stable if a < 0 and unstable if cr > 0. 

Since ( 2 ) are not solutions of  general relativity, a 
stability analysis of  (2)  in f ( R )  theories is essen- 
tially equtvalent to examimng the validity of  the 
cosmic no-hair conjecture for solutions of  the form 

a(t) =exp(B t -A t : ) [  I + c ( t )  l 

l e ( t ) l ~ l  . (3)  

If these solutions turn out to have a stable regime m 
higher order graviq,, then m that regime ao from ( 2 ) 
will be an attractor for all solutions of  the form (3)  
and the cosmic no-hair theorem will follow immedi-  
ately. 

3. We now derive the general perturbation equa- 
tion for the quasi-de Sitter solution ( 2 ) in the frame- 

work of./'( R ) theor3.'. To simplify the calculation we 
set v=B-.4t .  Then proceeding similarly as in refs. 
[ 9. I 0 ] and after somc manipulat ton we find that the 
perturbation e{ t ) for eyeD' t > 0 satisfies the equation 
i~o] 

f~,g~-[3f'~u+.4(48ff[v+ ~fv~)]~. • 
- ] [.f;, + i 2 v-'.t~ - 3A( 192 v-'.f ~" -8 . f  ~;)]~ 

=0.  (4) 

wherefo=f(Ro) etc. (cf. refs. [9.10] for this nota- 
tion ). In the case where A = 0  this equation reduces 
to the perturbation equation that describes the evo-  

lut ion of  perturbations to the de Sitter space of  gen- 
eral relativity [ 9 ]. B~, solving eq. (4)  we can decide 
whether or not the quasi-de Sitter space given above 
is a stable solution of the f ( R )  theory. 

Setting ~ = O, dividing both sides b y f  ~; and putting 
).~ =f'o/3.f:; and,;.i =f'o'/3f'~ eq. (4) becomes 

2,-1 
0"+ 3 ( ( B - ? . A t ) (  I + 48,.1~1~)+ 3 ( B = 2 A t )  ~ 

- [).~ + 8 A + 4 ( B - Z ' I t ) " ( I -  144A,;.i) ]O 

=0. (5) 

Now with B-Z4t=r. O ( t ) = u ( r )  and '-=d/dr. eq. 
( 5 ) becomes 

ru"+ \  r : - I  u'+ r - r u 

= 0 .  (6) 

where a,=1+48.-12~. 7=).~+8.4 and k = 4 ( l -  
144. I,;. i ). t inder  the t ransformatmn 

/ ' 3 a ,  ) z, (r)=rex~-~--  r: w(r )  (7 )  

eq. (6) becomes 

r : w " ( r )  + r w ' ( r )  

4..I "~ 1 6 . 4 : ] -  ~ r : - I  w i t )  

=0.  (81 

At this point some remarks are in order. There ts no 
known solution to eq. (8)  [11].  Nevertheless. we 
shall show that there is no loss of  generality in the 
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overall result if we disregard either the r-' or the r" 
terms m eq. (8).  We consider these tmo cases 
separately. 

( i ) The removal of  the r" term m ( 8 ) reqmres 

k 9a{ 
4.4--- ~ + ~-~.,~ = 0 ,  (9)  

and in this case eq. { 8 ) becomes a Lommel equation 
[ 12]. Note in passing that condition {9) means that 
• -t 
z~ and a are restricted so that 

- ( 1 0 )  
2 

Condition (10) in the case o f  the gravitational la- 
grangian ( I ) means that the coefficients a,,  i =  I .. . . .  

n of  the powers o f  R in the Taylor expansion around 
Ro are constrained to the hypersurfaces ( I 0 ) on the 
n-dimensional space spanned b} the a,. 

Thus solving ( 8 ) and taking into account ( I 0 ) we 
find 

t 

C" I .X. ,t . • 
~( t )=  ~.-~ x e x p  J, v - a T - 8 . . I  v 

c~ 4 x-  ~.. x - 2 {  - 8  d r  + X C K  " i ' ' W  

0 

+ ¢ 3  • 

r = B -  Z 4 t ,  ( l l )  

where J) and A') are the Besscl functions of  the first 
and second kind respectively. The asymptotic behav- 
iour of  the perturbation e ( t )  as t - .oc( r - - .oo)  de- 
pends on the sign of  - 2{ - 8.4 m ( 1 I ). We quote the 
results: 

( I )  -.;.~ -8 . .1>0.  For t - ,  x. ( r - - , ~ )  and due to the  
obvious continuity o f  the integrals with respect to r 
and the asymptotic behaviour of  J) (--). N, ( z ) ~'' we 
observe that the lira, .~ e ( t )  exists since .4<0. We 
note that this is an important conclusion as it is in 
accordance with the basic physical assumption ~hich 
must be imposed on ..! (see eq. (2) and following). 
Therefore. with r = B -  2.4t we find from ( I I ), b.,, us- 
ing standard formulae from ref. [ 12 ], 

'~ As . .~o one has J~(z)~z-~'2cosl:-31r/4)..'¢~(:)-z -~ : 

x s m ( : -  3x/4) (cf. ref. [12]). 

lira e{t) 
g . j -  

c,, + ( ;.i 
= 3Z4 , F, ~. 2. _ 16..t ] 

, / -  ( ; , ,  + 8 A ) )  , _, 
3z-;i 

+ ( - - . , I )  I 

+8.4) 
X l ' l ' l , ; . i , . \  16A ] 

+c'~, (12) 

where ,/:')( ) and i[').. ).:( ) are the confluent hy- 
pcrgeometric and Whittaker functions respectively. 

Wc conclude that le( t)[  is bounded for all t and 
thus the constants c,. c: and c'~ in ( 12 ) can be chosen 
such that lira ..... e ( t ) = 0 .  Alternatively. for suffi- 
ciently large t in eq. ( I I ). the perturbation e(t)  can 
be made arbitrarily small by choosing c,. c2 and cs 
appropriatcl). 

( l l )  - ) . ~ -  8..I < 0. Here J,. N, in ( l l ) a r e  replaced 
b) the modified Bessei functions lj, Kj respectively. 
The integrals in ( I 1 ) converge for r - .oo since ..1<0 
and 

la(:)~ exp(:) K,(z) exp(~._:) 
t 

% : Nt2 

( ] 3 )  

and so in th is case we have again that le( t) l  is 
bounded for all t and also that lim . . . .  e ( t ) = 0 ,  pro- 
vided cj. c2 and c~ are chosen appropriately. 

( I l l )  2{ +8..I =0.  Similarly we find 

e ( t ) = ~  x c x p  exp(xJcLv 
0 

t 

+ ~-~ xex  • e x p ( - x ) d x  
0 

+C'.~ , 

r = B - Z 4 t .  (14) 

Obviously the integrals m ( 14 ) converge since .4 < 0. 
The result is again that lim,_~ e ( t ) = 0  can be en- 
sured for appropriate c,. c: and c~. 

( ti ) Removing the r :  term and following the same 
analysis as in (i) above yields lira,.  ~ e(t ) = 0. l e(t)  I 
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being bounded for all t since ..! < 0. In this case too 
the coefficients a,  in the gravitational lagrangian are 
constrained to an ( n - 1 )-hypersurface. 

Before we proceed two tmportant points must be 
stressed: 

( I )  Keeping just one of the r4 or r" term in (8) 
does not affect the overall result and simply con- 
stramts the coefficients cx, to move on a hypcrsurfacc. 

( 2 ) Moreover. the basic condition ..I < 0 appearing 
in eq. ( 2 ). which ~s the only constraint needed to en- 
sure that i e( t ) ! is bounded for all t. persists irrespec- 
tive of  whether we remove the r 4 or the r-" term In 
(8). Consequently. one clearly observes that, as in 
fact we have claimed, indeed no loss of  generality has 
recurred through the analysis in (i) and (it). 

4. As a consistency check consider, for example, the 
cubtc lagrangian theoD 

f ( R ) = R  + c t R 2  + f lR  ~ (15) 

This choice leads to some interesting cosmological 
properties relating to the self-regenerating mecha- 
nism in stochasnc inflation [13].  From ~10) and 
since a < 0  (..1= 1 / 7 2 a )  we find (Ro= 12B-') 

,I-', 6,8 '6' < 0  (16) 
" -  6 a  + 18BR, ,  - ct + 3 6 f i B  TM " 

and conditions (10),  [ 16) require 

5or: 
,8= 2( 1 - 9 0 o B : )  a < 0 .  (17) 

Thus our conjecture ts justified in the case of  the la- 
grangian ( 15 ) if ct < 0 and the constraint ( 17 ) holds 
between a and ,8. 

5. The above anal)sis shows that the generalized 
form of the cosmic no-hair conjecture put forward m 
th~s paper may bc valid in the framework of  higher 
order graviD theories which are deri~ed from the 
gravitational lagrangian ( I ). This means that all so- 
lutions of  higher order gravtty theories of  the form 
(3) are attracted by the solution (2)  and. as time 
passes, the solutions ( 3 ) e~entually settle down to a 
quasi-stationaD, state described b) (2).  This result 
belongs to the "'world" of  higher order gravit.~ alone 
and does no t  rely on knowledge of  the cosmic no-hair 
theorem in general relatwity. Since mflationarx' re- 
gimes m htgher order gravitx theories do not seem to 

depend on phase transitions [ 8 ]. the theorem proved 
here implies that the response of  the quasi-de Sittcr 
phase ( 2 ) to small gravitational perturbations of  ho- 
mogeneous and ~sotroplc type is good and gravita- 
tional distortions typically do not affect its stabihty 
ff the coefficient of  the R:  term in the gravitational 
lagrangian comes in w~th a negative sign. Recall that 
a < 0 is also needed for the stabihty of  Friedman so- 
lutions, the existence of  wormhole solutions and the 
absence of  tachyons in higher order gravity theories 
(cf. refs. [9.10] and references therein ). In this case 
we showed that homogeneous and isotropic gravita- 
tional perturbations of  the metric tensor tend to zero 
asymptotically as t-.~c. According to our picture 
universes that are close to the quasi-de Sitter phase 
(2) when inflation commences near the Planck time 
m higher order gravity stax' close during the subse- 
quent mflationar3 phase. It remains to be seen (pos- 
sibly along the lines of  ref. [ 14 ] ) whether or not an- 
isotrop~c or inhomogcneous perturbations tend 
as)mptot~cally to zero as t- .  ~ .  We leave these more 
general cases to a future publication. 

We thank P.G.L. Leach for critically reading the 
manuscript and the referee for drawing our attention 
to rcf. [14].  
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