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IIpoioyog

Xmv mapovoa epyacio yivetor avoeopd otnv Oswpio moryviov Kot oty HEAET
OIKOVOUIKAOV OAANAETIOPAGEMY KOl CUUTEPIPOPDV TOL TPOKVTTOVV OTav 0 KABe AvOpwmog e
YVOUOVO, TO OTOUIKO TOL GULUEPEPOV OMOCGKOTEL GTNV HEYIGTOMOINGY TOV TPOCMOMIKOD TOV
0PEAOVG, TO. OMOTEAEGUATO TTOV EMIPEPEL OWTO GTNV KOW®VIOL KOl EPOPUOYES UE GTOXO TNV
AVTILETOTION TV TpoPAnudtwv pe ) PBondea pobnuatikav poviéhov. Avalnteiton n éATio
Aoon evdg mpoPAnuatoc, N kaAvteEPT duvvary AVom Y Tov KAfe moaiktn mwov embupel v

LEYIGTOTOINGT TOV KEPAOLG 1) TNV EAAYIGTOMTOIN O™ TNG CNULAG.

AvaAivovtal ot évvoleg g Oswpiog [Moryviov, n omoila amotelel To medio epappoy®dV NG
avartoéng g opboroyikng Bewplog ko mapéyel €va oOVoOAo epyoieimv yi v emiAvom
mpofAnuatov Peitiotomoinong kot g AlyoplBuikng Oempiog maryviov n omoia cuvdvdletl v
HEAETN TPOPANUATOV ATOPOCNG GE aVTOY®VIOTIKE TtepiBdAlovTa Kol TNV €0pecT ADoNG pe v
xpNomn v aryopifumv. H eymiotikn copmepipopd twv mokT®dV emnpealel TNV GTPATNYIKN TOL
0o epappdcovv oto malyvie Kot TNV ANyn omo@doewv kot emAoydv. Ot apolpég mov

aVTIOTOYOVV G€ KAOe maiktn omewoviovtal oe Evav mivoKa.

H Ocowpio moryviov mapovcidotnke kot arotundOnke péoo amd TiC HEAETEG Kot TNV
oLYYPOPN TOV WEDV Kat amotedecudtov avtiotora oto Bifiio Theory of Games and Economic

Behavior to 1944 [72, Introduction] and tov pabnuatiké John von Neumann [53, Article] kot tov

owkovopordyo Oskar Morgenstern [81]. O John von Neumann onédeiée to 1928 [24, Part 1] to

Bedpnua eloyiotomoinong tov peyiotov (Oewpnuo. Minimax) [2, Introduction] péoco amd éva
mapadeypo Paciopévo o éva maiyvio undevikov abpoicpatoc. H évvoln tng 1coppomiog mov
epappoletar g 018popovg Topeic e avBpmdmvng dpactnprottos dmwg otnv [TAnpogopikt, v

Teyvmt| Nompoohvn, GTIG OWKOVOMKEG EMOTAWUES, TNV TOMTIKY] oAAA kot otnv Boloyia

dnovpynnke kot epapudooTnke oo tov Apepikovo pabnuaticd John Forbes Nash [68, Article]
vy wadyvio pn undevikov afpoicaToc, Yo U GUVEPYOTIKA TOlyVio GTO OOl GLUUUETEXOVY OVO
1N meprocodtepot maikteg. H 1ooppomia Nash [54, Kepdrao 1] 6nwe ovopdotke givorl évo mpoik
KIVAGE®V LE TNV W10TNTA OTL KOVEVAG ToUKTNG 08 UTOPEL VoL ALENGEL T GLVEAPTNON OPEAOVG TOV

LETOKIVOVUEVOG 6 OAAN katdotoon, dnAadn oyvet 1 wwoppomio. Nash [64, KepdAiawo 2.3.2] av
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KOVEVOS TOIKTNG 0gV duvaTaL VO BEATIOGEL TNV OmOJ00T TOV JEJOUEVOL OTL Kol Ol VITOAOITOL

noikteg akoAovBovv v i oTpaTNYIKY.

To BéATioTo Y10 TO dTopo TOV GYETICETOL LE TO ATOUIKO TOV GLUPEPOV Kol TO BEATIOTO YiaL
Vv Kowawvio Tov givar 1 gunpepion Tov YEVIKOD cLVOAOL, OTTMG avapEpPETol Kol 6To Bivteo mov
&yovv empeinOei o Christian kot Griffins [6], moAAég @opég dev cuuPadilovy kot Tapatnpeitan
TO (PUIVOLEVO TNG EYMIOTIKNG CUUTEPLPOPAS OO TOVG GUUUETEXOVTEG oTa molyvia. Méoa amd ta
walyvie kot omd tov Tpdmo ovolTnong Kol €mMAVONG TOLG OoKlypaeoLVIOL avOpdmivo
YOPOKTNPIOTIKA TOV EMOPOVV GTIG GYECELS KOl OTIC OUTOPACELS TOV ovOpOTOV Ommg 0 £YMIGUOG

KOl 1] GLVEPYAGIOL.

Aééerg kledra: Oswpio moryviwv, John von Neumann, Ioopporio Nash (Nash Equilibrium), 7o
OiAnuua tov pviakiouévoo, John Forbes Nash,ITaiyvio undevikod abpoiouotog
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Abstract

As of his wake in history the human being has been being challenged to choose among
different options. At every step in his life the human is asked about what to leave and what to
follow, what to take and what to refuse, where to join and when to turn away and so on and so
forth.

The Maths, throughout the History, accompanies the humans’ efforts to cope with
problems so the search for solutions to dilemmas reasonably turns to the science. The Games
Theory is a part of the Mathematic Science that has been being developed since the mid 20"
century and has ever since been applied in various tasks, such as Economics, Artificial

Intelligence, Biology and more.

In 1944 the mathematician John Von Neumann [53, Article] along with the economist

Oscar Morgenstern published their book Theory of Games and Economic Behavior [72,
Introduction] triggering the discussion about the issue and challenging the scientific community

to deal with this approach. Moreover, John Forbes Nash [68, Article] contributed to the Games

Theory highly functional notions as Nash Equilibrium [54, Chapter 1] as well as the Strategy
Profile [66, Definition Strategy] (or Strategy Combination), Zero Sum Games
[39, Evotnta 4: TTaiyvia Mndevikov Abpoicuatog] and more.

While the selfish behavior of the individual is considered, more or less, innate for the
stipulation of the personal stance it may take both the players of a bilateral game to the worst
choice that is catholic failure. On the other hand, players are motivated by their individual interest
yet their coordination frequently holds the optimum selection. Algorithms, Combinatorics, Linear
Algebra and more Mathematic Instruments constitute the mechanisms that process data,
accelerate the pace of process and produce Optimum Answers. Nowadays, the concepts of
individualism and individual action prevail, as a choice, in various topics of research. On the
contrary, in the Games Theory the collaboration of participants often arises as the reciprocally

most beneficial solution for them.

Keywords: Games Theory, John Von Neumann, Nash Equilibrium, John Forbes Nash,

Prisoner’s dilemma, Zero sum game
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1" Awadeén 16/10/2019

1.1 Ocwpio waryviwy

H @cwpio maryviov (Games Theory) sivar 1 Oswpio mov gpoppoletor yio v HeAétn Kot
KOTOVONOT KOTAGTAGE®MY OVTOYMVICTIKNG OAANAEEAPTNONG KOTA TN OPKEL ANYNG OTOPACEDV
HETAED OLOPOPETIKMY UEPMY GTO TANICIO avTay®VIoHoD N ovvepyooiog [23, Opiopodg Oswpia
[Moryviov]. Eivoar éva pobnpotikd poviéAo mov HEAETO TG OAANAETIOPOVV Ol OLOKPITEG,
OUUUETEYOVGEC GTO TOIYVIO OVTOTNTEG OTMG TEPTYPAPETOL KOL GTIC CNUEIDGELS TOV OVOADOVTOL
évvoleg mov oyetilovtar pe v Ocwpio Taryviov [66, Opiopdc Oswpio Maryviwov]. Eival n pedétn
oToLElV OV divouv AGELS 6€ OAANAOEEAPTOUEVO TPOPATLOTO OVTOYOVIGUOD KOl GUVEPYOGTOC.
MovTteAOTOEL TNV EYMIGTIKY] GUUTEPLPOPH KATAYPAPOVTOS TO OLVOTE OTOTEAECUATO GE £VOV
nivaka. ‘Eva poviého elvol pio a@oipeTikny £vvola oL YPNOUOTOEITOL Yoo TV KOAVTEPT

KOTOVONOT TPOLYLOTIKOV KOTAGTAGEDV.

H BOcwpia moryviov Stopop@adver pio dmoyr e OKOVOUKTG COUTEPUPOPAS, amoTelel Eva
TOTIKO Ogiypo pedétng opBoroyikadv amopdoswv [77, Kepdroo 1.1] petaé&d tov moktdv Kot
Bewpeitar 0 KOTAAANAO gpyaAeio oavdivong kot ovlmtuéng e Osmpiog Tng OWKOVOUIKNG
ooumeprpopds. Ilapéyer yevikég pabnuoatikés texvikég mov Ponbodv otV KOTOVONOM
KOTOOTACE®V OOV EUTAEKOVTOL dVO 1] TEPICCOTEPOL TTALYTES, £6TIALEL TNV AAANAEEApTNOT TOV
ATOPACEWDY, OLAO®V 1] AVOPOTOV OTOV 01 ATOPACELS TOV £vOG Bal EMNPEAGOLVY TNV guMUEPTiD TOV

dAlov [61, Chapter 1V, Chapter V]. Mwo mapovcioon — gicaymyn otnv Osmpia moryviov pécwm
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LL0G OIKOVOUIKTG TPOGEYYIONG OTNV GTPUTNYIKY dAANAETIOpacn TopovstdleTotl Kot oty O1dAedn
tov Evans [22] 6mov oty gicaywyn tov Pivteo meprypdoet AéEeis kKAEWS1G oV oyetifovtal pe v

Ocwpio Taryviwv Kol KAVEL avopopd oto mtaiyvio To Adidnuuoe tov pviaxiouévou, .

‘Eva KAacowd maiyvio g Osmpiog moryviov givor 1o maiyvio «H Mayn tov @oiwvy M
aAMdg “Battle of Sexes” [51, Kepdlato 2.3] 6mov gppavilovior mg oTpatnykés ol amoQacelg
evog Cevyaplov. Eivor éva cuvepyotikd moiyvio TG Hopeng 2X2 Tantdypovav KIviieewv Omov o
évag maiktng EEpet T1g Kvnoelg Tov dAdov maiktn. To (evydpt mpémel va amopacicetl Tt Oa Kavel
10 oamdysvpa 0ed0UEVNG NG KoTdotaonsg 0Tt Oa MBehav va mepdcovy ypovo pali xkor Oyt o

KkaBévag povog tov.

1.1.1 Hapadetyuo «H Mayn twv @viwvy -“Battle of Sexes”

210 mopdoEypa Tov diveTon TaPaKAT® 01 EMAOYEG TOV £xel To Levydpt ivor va dovv Eva
T000GPUIPIKO aydva N vo hve B€atpo. To (evydpt mpémel va cvvepyaotel €pocov BELOVY va
TEPAGOLY XPOVO Lall, oV Kot £XOVV SPOPETIKES TPOTUNGELS ATOPAGILOVV VO GUVEPYAGTOVV OO
Kowov yvopiloviag o &vag TV OTPATNYIKN TOV GAAOV TPOKEWEVOL VO UEYICTOTON|GOVV TO
OPELOC TOVG TTOV €lval 1) Amd KOO eMiTELEN TOV GTOYOL TOVG, va eivar pali. Zvvnbwg o€ Tétolov
eldoovg maiyvio onuavtikd poAo mailel mowog Ba Kével v mpdTn Kiviion ya 1o Tt Ho Kavouy Kot
note B0 TO AVOKOWVMOGEL Kol 1 0rodoy omd Tov AAAO, LOG Kot VAL GUVEPYATIKNG HLOPPNG. Agv
VIAPYEL KLPLOPYN OTPOTNYIKN Yol KavEVoY amd Tovg 000 TAIKTES, VILAPYEL OpMG tooppomio. Nash
Omw¢g eaivetal otov moapakatw wivaka [Ilivoxag 1] oto onueio (A1,I'T)=(2,1) dniadn In oepd
pe 1 omin kon (I'2,A2) =(1,2) dnradn 2n o)A pe 2n oepd, Eva (evydpt Tuyoi®V GTPATYIKOV
TETOW0 OOTE 1| GTPATNYIKN TOL TOUKTN YPOUU®V vo givor 1 KoAdtepn emBount Adon otnv
oTPATNYIKN TOV dALOVL maiktn Kot aviotpoems Kavévag and tovg dvo dev €xel kivintpo va
EMAEEEL KATL BALO KOl GLVIOWG GE TETOOL €100VC TAPASEY AT 1) AOYIKT] DTOSEKVVEL OTL B £xEL

nponynOet culnmon kot Ba yvopilet o £vag Tig embopieg tov dArov.

AEPBENTZH BAZIAIKH, Mavemotipto Awyaiou, T, Mny/kwv M.E.2 11


https://www.youtube.com/watch?v=YndXmFGaRmU

2% Aut\wpatikn Epyaoio: Avdntuén unepkeiuevou yla padnotakd avukeipeva o «Oswpia Matyviwvy

Avipag
odoapaipixdc Ayevag (I'l) @éatpo (I2)
TTodeapaipicds Ayevag (A1) 2.1 0.0
@éatpo (A2) 0.0 12

Iivaxoag 1

ITivokog omov supaviletor to onueio wopporiag Nash oo waiyvio «Mdyn twv Polwv

1.2 AlyoprBuixiy Ocwpio moryvicwv

H A)lyopilBuikm Oewpio moryviov givon 1 Oeopio peréme ko avdivong matyviov mov
EXYOVV €QOPUOYEG GE TOALOVG TOopElS TG Kadnuepvng Long péca amd 10 TPIoUA NG EMGTIUNG
m¢ [MAnpoeopikng. O cvvovacudg e Bempiog maryviov mov mpooeyyilel TNV GULGTNLOTIKY
HEAETN eVOC TPOPANUOTOG LE OPEAOG TO HEYIGTO KEPOOG Ko Ol aAlyOp1OLol TOV YPNCIUOTOI0VVTOL
Y10l VTOAOYIGTIKES 100PPOTIEG 0N YOVV GTNV EMIAVOT TPOPANUAT®V GE GHVTOLO YPOVIKO d1AcTna
KOl 6€ KOADTEPEG OLVATEG, O GLUEPEPOLOEG AVCELS, OUOPEOVOLY TNV AAyopOukn Ocwpio

navyviov [48, Foreword].

1.3 John Von Neumann

Moabnpatikdg tov 2000 adva [53, Article] o omoiog anédeie 1o 1928 [42, Kepdhoto 4.1]
10 Oedpnua erayiotonoinong tov peyiotov (Oewpnuo Minimax) [2, Introduction] péoca amd éva
napddetypo Pacwopévo oe éva maiyvio pndevikod abpoiopatog pe téielo TANPoeOpNoN. XTd
Tatyvio auTod TOL TOTOL 0 KABE TaikTng YVopilel TIg KIVIOELS GTIS omoieg £xovv mpoPel ot dAlot
TOUKTES TPOTOV AMOPAGIGEL Y10l TIG OIKES TOV KIVNGELS, LEXPL KOl TV dpa Tov O omopacicel va
aKoAovONGEL TNV O1KN TOL GTPATNYIKY. YTAPYEL £V GHVOAO KIVIIGEMV TOL UTOPOVV VOl EMAEEOVY
01 TO{KTEG TO 0TOi0 TOVG OiveL TNV dVVATOTNTO VO EAUYICTOTOOVV TIG HEYIOTES AMMAELES TOVG. To

Ocaopnuo. Minimax amodekviel OTL KOl 01 OO TOUKTES UTOPOVV VO, EMAEEOVLV GTPATNYIKEG TTOL
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EYYVOVTAL TIG TIHEG TOVL TOXVIOD Pdcel mOOvVOTHTOV, INAAOT HOG UIKTAG CTPATNYIKNG OTOL
TEPLOUPAVEL £VOL GUVOLOGHO ETAOYDV KOl IO TOV GUVOLAGHO QLTO ETAEYETOL L0 TOVAGYIGTOV
OTPOTNYIKN 1 OTO10L ATOTEAEITAL ATTO LT AKEPALESG TUYLEC.

O John Von Neumann [53, Article] avéntuée pabnuotikéc TexVIKEC TPOCAUPLOCHUEVES OTO
«Doawodpeva tov Kpdvray , slofyaye v « Oeopia tov Kdkiov tov yepiotdv » (1929-1940).
Y10 domua 1935 g 1937 epydotnke oty «@cwpio [TAEypatoo» (lattice theory) evd to 1932
pe v owkeén tov “On Certain Equations of Economics and a Generalization of Brouwer’s
Fixed Point Theorem”, | omola €kd00nke 10 1937, emmpéoce TOV YPOUUIKO KOl UM YPOUUIKO
TPOYPULUATIGUO.

Qg ewnuov oy Ipoappukn Guoikr| g LOPOSVVOUIKNG Kot TNG KLHOTIKNG dovnong (wave
shock) avémtvée yioo Aoyaplacpd tov Bpetavov ynuikd ekpnktikd yioo tov B’ IMaykdouio

[T6Aepo, evd cvvéPare oto Manhattan Project [79], éva mpodypappo épevvag yo tnv dnuovpyio,

™™g Atoukng BopPag, ved v emifreyn tov Hvopévov TloAteiwv kot v vroompiEn tov

Hvopévov Baotieiov kot tov Kavadd, votepo amd mpdokinon tov Robert Oppenheimer [80],

00 Apepikavod Bempntikod @uowol kot kabnynty evowkng oto University of California,
Berkeley .

Metanmoiepikd o John Von Neumann mpocépepe TIG YVMOGEIS TOV O EPAPUOYES TOL
otpotov Tov Hvopévov TToAteidv Kot GUVEIGQEPOVTOC LE TIC 10EEC TOL GTOV 1O OYEOIUCUEVO
vroroytotny ENIAC (Electronic Numerical Integrator and Computer - Hiektpovikog aptOuntikog
0LoKANpWTHC Kou vmoloyiotig) [26, Article] - o mp®dTOg MAEKTPOVIKOG VTOAOYIOTNG YEVIKNG
xpNong mov eykowiaotnke emionua 15 @refapn 1946 oto Ilavemomjuio IlevovAiPavia ot
duadérpeln tov Hvopévov TloAteudwv g AUEpIKNG- TOV TPOMOTMOINGE GE UNYOvRn Yo

amofnkevon mpoypaupotos (Eikova 1).
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Eixova 1: ENIAC

Xpnowonoinoe dvadikd cvotnua apibunong (Binary Arithmetic) otov vmoAloyiot) 1AS
(Institute for Advanced Study)- o vmoloyiotig IAS (Eikéva 2) amotelel 10 Tp®TOTLTO TV
EMOUEVOV VITOAOYIGTMV YEVIKNG ¥PNONG TOL akolovOnoayv kot yivetor avapopd oTig 2yuciwoeic

o0 Mobnuoroc: Apyrtektovikn Yroloyiorav | [36, Kepdlaio 3.1] - kot ko pviun yio KOSKa,

K0l OTOlYELOL.

Central Processing Unit (CPU)

»| Arithmetic-
logic

1 unit (CA)

L ]

|
I
Main : E ng
memory : quip-
il | 1.0)
L -
I " | Program "
- control
unit (CC)

|
|
|
|
]
|
|
|
|
|
|
|
: ment
|
|
|
|
|
|
|
|
|
|
|

Eiwxova 2: Aoun tov vmoroyiory 1AS
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1.4 Eywiotiky Xoumepipopd

Xmv Ocopia woryviov mopoatnpeitor T0 EOIVOUEVO TNG EYOIGTIKNG GLUTEPLPOPAS Omd
TOVG GUUUETEYOVTEG 6TA TTalyvVio, KoOMG TO PEATIGTO Y10l TO ATOUO TOL GUVETAYETOL TNV OTOMUIKY
oV gunuepio Kot 10 BEATIOTO Yoo TNV KOWw®Viol 1oL amooKOTEL 6TO YeVIKO KOAD, TOAAEG POPEG
dev ovpPadilovv Onmg @aivetal Kol péco amd to mopaderypo oto Bivieo mov akolovbel pe to
naiyvio to Ailnupa tov dviakiouévou [6]. H Ocwpia moryviov acyoleitat pe Ty HeAETN Ko TV
KOTOVONOT KOTOOTAGEMY OVIAYWOVIOTIKNG Kol €YMICTIKNG OAANAEEAPTNONG KATA TN SdpKELD
MyYNG amopace®mv HETAE) SPOPETIKOV UEPDV GTO TAOIGIO AVIAY®OVICHOVD 1 cvvepyaciag. Ot
naikteg amopacifovv moleg Kivnoelg o akoAovOnoovv, mow otpatnyikn Oo epappdécsovv
OKEMTOUEVOL TO OTOUIKO TOVS CUUPEPOV Kol OYL TO GUVOAKO KOAD KOl TOPATNPDOVTOS TIG KIVIOELS
011§ omoieg Ba mpoPovv ot dArot maikteg. [ToAd cvyvd ce MoV amdd maiyvia émwg to [Tétpa-
Yorid-Xapti [60, Chapter 8, Example 8.2] nopoatnpeiton 6t1 dev Exovv Ayvij Nash loopporio Kou

dgV UTOPOVLLE VO LEAETGOVLE TNV EYOIGTIKN GUUTEPIPOPAL.

1.5 Haiyvio

‘Eva matyvio opiletor o¢ 1 d1ad1kacio ovTtayovicpov kot aAAnAenidpaonc mov dedystal
Baoel evog mpokabopiopévon cuvorov kavovev [23, Opiopdc Tlaiyvio]. Eivar 1o mepipdiiov
MyNG amopdace®mv, Otav OMAadn vLEapyovy 600 M TEPLOCOTEPOL GVOp®MTOL TOL TaipvoLV
OTOPACELS ONUIOVPYDVTOSC KATOOTAGELS OVTIOYOVIOTIKOV OAANAEEQPTHCE®Y OV OTOGKOTOVV
OTNV UEYIGTOTOINCT TV TPOCHOTIKAOV TOVE GTOYWMV, TEPTYPAPETOL L0 KATAGTACT) OOV 01 EEVTTVEG

ATOPACELS EIVAL AVOYKOGTIKA OAANAEEOPTMOUEVEG.

Eivar po katdoetoon 0mov:

N (>1) dropa mpoPaivouv 6e KATOEG EMAOYES LE OMAOTEPO GTOYXO O KOOEVOS VAL IKAVOTOUGEL TO
GULLPEPOV TOV KOl TO OMOTEAEGHO Yo KAOe maiytn oev e€aptdton LOVO amd TIG KIVAGELS, Amd TG
OTOPAGCELS TTOV TTOUPVEL HOVO aVTOG Yo TNV UEYIGTOTOINOT TOV KEPOOVG TOL OAAL Kot amd Tig
ATOPACELS OTIG OToleg KaTaAnyouy Kot ot vtolowrol N-1 maikteg. Amoteieiton amd éva chvoro
ToYTAOV, Ve GOVOAO KIVIGEMV N GTPATNYIKOV oL &ival O10EGIUES GTOVG TOAYTEG KOl Lo

TPOdYPaPN KEPOOLS , amddoong Yo Kabe cuvovacud otpatnykav. Kébe dtopo emnpedletl pe
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TNV CUUTEPLPOPE TOL KO TNV GTPOUTNYIKY TOL KOl aVTIGTOL(O dEYETOL EMPPOEG KOl ad TOV AAAO
naiktn. Avo PBacikég mpobmobécelc eivar 0Tt ot maiyteg Pacifovior oty AoyiKn Kot TV vonon Ue
otox0 va avénoovy 10 Od1kd Tovg Operog [44, Kepdhiowo 1.1]. Ot maikteg kolodvior va
ATOPOGICOVV GE GUVONKEG GUVAYMVIGHOV/AVTOY®VIGHOD £XOVTAG VITOYN TIG TOAVEG KIVIGELS TOV
avtimdlov [23, Kepdlaio Ocmpia [oryviov].

‘Eva. moiyvio pmopei va meprypapei g xavovikr (normal) [42, Evotnrta Ilaiyvio og
Kavovikn popon] M oparnyky (strategic) popoen [64, Kepdhowo 4.2.4] 6mov pécw evog mivaka,
OTOTLTIMVETOL O GUGYETIGUAC TOV CTPATNYIKOV TOV EQAPUOLOVV 01 TAIKTEG KOl Ol ATOOOGELS TTOL

Ba TpokvLYoLV.

‘Eva otpatnyikd naiyvio givor Evo pobnpotikd povtédo émov amoteleiton amd €vo GHVOAO
TaKTOV, €010 N Taikteg, kabévog amd Toug omoiovg StaAéyel HOVo Hio GTPATNYIKN, I OTToio gV

aAAGCeEL.

e £va 6TPOTNYIKO TToLyViol LITAPYOVV OAPOPES CLUTEPIPOPES TUKTAOV OTTMC:
A) To moyvidor mailetar povo pio popd
B) O xd6¢ maiktng yvopilel OAG TIG KIVOELS Kol TIG 0T0OOGELS TOL TOLYVIOIOV
I') Ot maikteg elvar opBoroywoi. 'Evag opBoroyikdg maiktng eivor évag moiktng mov mailet
EYOIOTIKA, OEAOVTOG VO LUEYICTOTOMGEL TO KEPOOS TOL GTO TALYVIOL, VM TaVTOYpOova Yvopiletl
TG KOt 01 AvTimaAol Tov etvar opBoroyioTég
A) Olot o1 TaikTeg EMAEYOVV TIG KIVAGELS TOVG TNV 10100 oTypn Yopic opmg va yvopilovv Tig
EMAOYEC TOV GALDV TOIKTOV.

To motyvio pe Kavovikn popen ameikovifoviol pe tv Hope1| mivoaka mTov Oelyvel Tovg
TOAKTEC, TIG GTPOTINYIKEG TOL OKOAOLOOVV Kot TG OMOAUPEG TOL TPOKVTTOLV, GTIC YPOUUUES
anewkovifovtal ot 6TpaTNYIKES Tov Toilel 0 TOUKTNG YPOUUDV Kol 0TI GTHAES gpeavifovtal ot

otpatykés mov mailel o maiktg otnAdv. ‘Eva maiyvio kovovikhg popeng [40, Opiopdg atyviov

og Kavoviky popen], amoteleitar and éva oOvolo moukt®V ot S={1,2,...,n} 6mov ywo kdaOe

TOAKTN VTAPYEL €vOL GUVOAO Ol0BEGIU®V GTPATNYIKOV KOl MU0 CLUVAPTNGCT OEEAENS OTMC

TEPLYPAPETOL KOL GTNV 01d4eln OV AvaQEPETOL OTIG Evvoie ADoemv Kol amAomoioeic moryvimy.
Yto KeMd tov Tivaka gpeavifovtol ot cuvdLAGHOl TOV ROV TOV TOKTOV, To. (evyn TV
apoBdV TOV TOUKTOV 0VAAOYO LE TO TPOPIA TV oTpatnyK®V Tovs. H mpdtn Tiun avtiotoyel

OTOV TOAKTN YPOUU®V Kot 1 SEVTEPT GTOV TAUKTN GTNAGDV. L€ KAOE YPOUUN VITAPYEL 1| CTPATNYIKN
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tov [laikt I kon 6e kdBe oTAn N otpatnyn Tov Tlaiktn II. T'evikd propolpe va Tovpe 0Tt el
TNV HOPON LG GLUVAPTIONG TOV GUVOEEL TIG AMOANPES TTOL TPOKLATOLV Yo KAOE malktn pe Kabe

dVVATO GUVIVOAGHO KIVIGEDY TOL TPOYUOUTOTOLEL.

1.6 Haiyvio 2 mourxtov - «llétpa —VPolior — Xapti»

1.6.1 Haiyvio 2 waiktmv

Otav épovpe maiyvie OmMOV GUUUETEYOLV OVO TOiKTEG, Ovopalovion «maiyvia ovo
TUKTOVY), dniadn N=2 [66, Opioudg Maiktmc], 0mwg avapépetal Ko ot onusiwoelc Ocwpio
Horyviov. H avaropdotaon Tov moyviov yivetor pe Ty Hopen mivaka, 0mov o KAOe ypopun
TOV Tivoka amekovileTal 1 GTPATNYIKY TOL TPDOTOL TOUKTN Kol 0€ KAOE GTAAN 1 GTPATNYIKY TOV

deVTEPOV TTOUKTY KO 0 KAOe TaikTng pmopel vo emAEEetl LETAED dVO GTPATNYIKAOV.
1.6.2 Hapdociyua woayviov 2 oKty

Ytov mapakdte wivaka [[Tivaxag 2] amewcovilovton ol oTpatnyiké yio. Tov moiktn 4 ot
omoieg etvan o1 Z ko E ko yo tov waiktn B eivor o1 7" ko 4. 'Eoto 611 0 moiktng 4 emAéyet va
naiel TV oTpoTyIKn Z Kot 0 Toiktng B v otpatnyikn| I 10te 10 amotélecua yio Tov 4 givon 2
Kol yioo tov B givor 1, dnAadn onuovpyeiton to Cevyog (Z,1) émov 10 Tp®dTO oTotyeio lval 1

OTPATNYIKN TOV okt A Ko T0 d0TEPO OTOLYEID £ivon M oTpatyikn Tov Ttaiktn B [37, Adheén

7].

laixtns B
I A
@2 | 01

< @1 | @o)

Toixtng A

Iivaxac 2

Ilivakog pe Tig oTPOTNYIKES TV TOUKTOV O€ EVA. TOLYVIO 2 TOIKTWOV
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1.6.3 Haiyvio IIétpa —Valiolr — Xopti

To matyvio [H€rpa-Poaridr-Xapti eivor éva mailyvio mov cvykoToAEyeETal GTA TATYVIOL TG
HopeNg undevikov abpoicpatog 6mmg avoeépetol kot oto Pivteo [75] ko ota omoia ot
ovppetéyovieg (maiyteg) pmopovv vo, emhéEovv TV O oTypn molo  oTpatnyikn Oa
axolovOnoovv and Tig eENG TPELS : mETPA, WaAidL I yopti. Oswpeitor 6t €xet T1g pileg Tov oV
Kiva kot Baciletor omyv Aoy tov Kwvélwv, oty pelétn tov ototyeiov Tov cOUTAVTOS Kot
TNV GYE0MN OV £XOVV UE TNV ONEovpYyio Tov KOGUOL Kol TOL cOumavTog avtictotya. Eivor éva
o viol KUKAIKNG Kuplopyiog mov 0gv glval TPooOIAEG HOVO OTO ool OAAG €xel OepeAidon
onuocioc cov mPOTLIO UEAETNG €VOC TOPOOEIYUOTOG MG U GULVEPYOTIKNG OTPATNYIKNG

aAAnAenidpaong (Ewova. 3).

R P

Ewxova 3: Paper -Scissors — Rock

Ol amoPAcElg TOV TUKTOV ATOTUTMOVOVTOL G £vov Tivaka TAnpoumy. Ot taikteg Eyovv
mv dvvatdtnto vo. emAégovv o amd T e€ng otpatnyikéc: métpo(rock), wokidu(scissor) M
yopti(paper) omov n métpa cLVOAPEL TO YaAIdL, TO YOAIdL Exel TV WO1OTNTO VO KOPEL TO YOopTi Ko
TO YOPTi e TV oepd Tov va Todiyel v méTpa. [Hapatnpeitol o dadikacio Kivioemv péca ard
TIG EMAEYUEVEG OTPATNYIKEG TOV KAOE maiktn 0 omoiog £xel otnv 61d0eon tov 10 1010 GHVOAO amd
duvatég kwvnoeg). Eivor éva maiyvio 6mov €xel epappoyég o moryvidlo oTpoInNyIKnig, oTnv
Broloyio 6OTOL ¥PNOYOTOEITAL TNV TEPLYPAPT] EVOG OIKOGVGTNOTOS KOl TNV GLUVOTTAPEN TV

eV (Eixova 4).
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Scissors

beats paper

Eixova 4: H xordikn alinieéaptnon tov moayviov Iétpa — Yolkior — Xopti mopouoialeton
Ue Ty allnieaptnon twv 100V g€ 01KOGDOTHUO,

Ytov mopakdto mivako [[Tivaxag 3] oty pwor 6THAN €ival Ol TPEIC GTPATNYIKES TOV EVOG
TOIKT KOU OTNV YPOUUN Ol TPELS OVVATEC KIVNOELS TOv KAvEL 0 GAAo¢ maiktn. ‘Eyxovue v
nepinTmon 6oL TapaTnPEiTon 1IGopPOTia, dNANOT Kot 01 OVO TAIKTEG XYoLV KAVEL TNV 10100 Kivnom
KOl DITAPYEL Ko M Tepintwon Evag amd Toug 0vo va givarl o etvar vikntie. Me v Ponfeta Tov
TIVOKOL OTOTUTTAOVETOL 1 LOOMNIATIKY) LOVTEAOTTOINGT T®V OUOPBdV TOL TPOKVTTOLY OTAV O KAOE

maiktng mailet o omd TG TPES GTPATNYIKES.

Yt0 maiyvio ITétpa-Yoarid-Xapti, dev €yer ayv Nash icoppomion [58, Lecture 1],
napatnpeitan pia pewkty) Nash woppomio, dniadn ot maikteg moilovv pe pkpéc mbovotnteg Eva
LEPOG 1 OAES TIC OLVOTES GTPATNYIKEG TOL EYOLV, Tailovy 1oomiBava Kot TS Tpelg oTPATNYIKES Kot
aVTO EYEL WG OMOTELEGLOL TOL ALVOUEVOLLEVOL KEPOT] TOVS VO lvat 10100 Kot VoL UMV TOVG GUUPEPEL VAL
aAraEovv. H mpocappoyn tov mouktdv otnv TpoPAETOUEVT] EMAOYT GTPOTNYIKNG OMOTEAEL po
Boaotkn cLVIGTAUEVT] GTNV AAANAETIOPAGT] TOV VILAPYEL LETAED TOV TUKTMV. Y TAPYOLV OLMG Kot
QOPEC OOV Ol GUUUETEXOVTEG £XOVV TNV TACT VO EMAEYOVV EVOTIKTMOMG M0 TPOPAETOUEVN
OTPOATNYIKN KOl Ol AVTITAAOL TPOGEYOVV HEAETMVTAG TIG TOAVOTNTEG VO EMAVAAAPEL O TOIKTNG Lol

O xtvnon oduewva pe v omoiol or ToikTEG EMAUDKOVY TNV PeATicTomoinon pésa amd TNV
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dpeon aAAnieniopaon pe 1o mepiPdirov oto omoio Ppiokoviat. To maiyvio I€rpa-Yarior-Xapti

dev éyel Nash wwoppormioa.

= P

Iivaxac 3

Iivaxog pe tic ompotnyikés twv rouktwy ato waiyvio Ilétpa - Yolior - Xopti

1.7 Auoifés

H mocotikr| ékPaon g o@EAEC TOL aVTIGTOLYEL GTOV TOIKTN OV TPOKLITEL OO TO
naiyvio. @swpeiton  BéATIOT oTpatnyikny OAwv TV taktdv [60, Chapter 8]. Q¢ mapadeiypata
Adong M TN evog matyviov Bo pmopodoav Vo YopoKINPIoTOUV M ypnuaTikn afio M To €1
(QLAUKIONG TTOV OVOAOYOVUV GTO TO{YVIO GTPATNYIKNG LOPONS Kot eEnyeital Kot 6To TopAdELypo
oto Bivteo To Adilnuuo tov pvioxiouévoo [6]. Le évov mivaka apolpdv pmopohv va ameiKovIGTOOV
ot apoBéc, To 6perog mov avticTolyel o€ KOBe maikTn avOAOYd LE TIG KIVIOELS TTOL £xEl EMAEEEL
va maiel. Ot GLVOPTNOCES TANPOU®V OVTITPOCHOREVOVY TIS TPOTIUNGELS TOL kabe maiktn

avaroya pe To TpoPid oTpatnyk®V Tov mailel o kdbe Evac.
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1.8 Ilivakag — Aimivarxag (Bimatrix)

Me v Bondeia evog mivaka [66, Opiopdg Iivaxag] ameucovilovtat To 0moTEAEGUATA TOV
moryviov yuo kabe ovvdvacpd otpotnyikov. Xt Osowpio moryviov €vo dutivakag gival éva
TOLYVIO GUUUETPIKNG HOPPNG TTOV amoTeLEiTol omd 600 eufoantiopévong maikteg Omov o kdabe
maiktng €xer évav menepacuévo aplBpd mbavav Kivoemv mov umopel va akolovOnocel. Xtnv
ovcia givar 6000 mivakeg 6mov gppaviCovral og Evav, ONAadn oe kb kel epeaviCovtar dVo TIEG
OOV M TPAOTN TN, o€ Kabe KeM glvor Yoo TOV TOUKTN TIUOV KoL 1) 0£0TEPN T YOl TOV TTOLKTN
oTNAGV, Ol TIES apoPdv avtiotoryo yio Tovg 6vo maikteg [48, Kepdlato 3.2]. ‘Eva maiyvio dvo
atopmv pmopet va anewovicBel coav évav mivaka kabopiopévav cuvorwv. To mpdto otoryeio
and KaBe (evyog Oeiyvel Tig amohaféc tov lov maiktn Ko avTioToryo TO0 JEVTEPO GTOLKEID TIG
amohaféc Tov 20v maiktn. O kdbe wivakag amoteleiton amd TOGEC GEPEC OCEG KO Ol QYVEG

oTpatyKéG Tov 1° maiktn Ko t1ooeg oTNAEG OGEG Ol OYVEC GTPATNYIKEG TOV 2°° TTOUKTY.

1.9 ZTpatyyikiy

Ztpornyikn (strategy) evog maiktn €ival 1o 6GOVOAO TOV Kavoveov ot omoiot kabopilovv
TOLEG OO TIG EMAOYEG OV BoL amoPacicel 0 TaikTng vo okolovOnoet [66, Opiopdg Ttpatnykn],
elval avtéc mov Bo tov 0OMYNoOVV G6TO TEAOG £YOVTIOG GLVLTOAOYICEL Kol TIG KIWWNGOES TOV
exaotote maiktn. O kdBe maiktng emAéyel €vo ocUVOAO TOAVAOV GTPUTNYIK®V TO OmOoio
kaBopileTon amd T0 GUVOLO TOV TOUKTMOV, TNV GLYVOTNTO TNG GUVOAIKNG CTPOTNYIKNG TOV KAOE

TN KOl TNV GUYVOTNTA TG TPOAYUATIKNG a&lag TG amddooNg TV GUVOPTHGEMY TOV TOLYTOV.

Mia otpotnyikn ovopdleton kvpiapyn (Dominant) [59] 6tav 1 Ty tov omoTeAécHOTOg
Yl TOV GLYKEKPEVO TtadkTn elvan peyodlvtepn (BEATIOT) amd OAeg TIg TYWESG oTNv 1010 ypoappn
Kot TV 0t 6TAAN Tov TivaKa TOV GLVILAGUEVOV emAoydv. H kaAdtepn dvvarty oTpatnyikn
evog maiktn 0ev e€aptdral and TIg oTPATNYIKEG TOV AAL®Y ToKTOV, Bewpeitat Kuplapyn dtav yuo

OAOVG TOVG GLVOLOGUOVS CTPATNYIKMY TOV AAAMV TOKTOV £XEL TO LEYOADTEPO OPEAOG GE TYEOM

ue T1g vrorowmes. Evod pio otpoatnyn Oempeiton koprapyodvuevy (Dominated Strategy) [59] otav
TAVTO VITAPYEL PO GTPOUTNYIKN OV £ival KOADTEPT aveEApTNTO OO TIS OMOPAGELS KOl EMAOYES

mov Ba KAvVEL 0 GALOG TAKTNG, CLVETMG O TOUKTNG € Bal EMAEEEL TNV KUPLOPYOVLUEVT] GTPUTNYIKTY].

AEPBENTZH BAZIAIKH, Mavemotipto Awyaiou, T, Mny/kwv M.E.2 21


https://thalis.math.upatras.gr/~tsantas/DownLoadFiles/OR_GameTheory.pdf
https://thalis.math.upatras.gr/~tsantas/DownLoadFiles/OR_GameTheory.pdf
https://www.youtube.com/watch?v=txB5GZY_WUE
https://www.youtube.com/watch?v=txB5GZY_WUE

5 Nim\wpotikd Epyacia: Avantuén unepkeiuevou ya padnoilakd avtkeiueva os «Oewpia Motyviwvy»

1.10 Ilpogii cTpatnyixwmv

Me tov 6po TPoPik oTPATNYIKOV OpilETOL O CLVOVLOCUOG GTPUTNYIKAOV TOL ETIAEYEL VO
naigel o ke maikg [41, Evotnrta: Inueia woppomtiog o€ HEKTEG oTpoTNYIKES], £va ddvooua,
oL ONAMVEL TNV oTpaTNYIKN ToL KéOe moaiktn ko kabopiler v éxPaocn tov moryviov Kot v
OEELED. TTOV TPOKVTTEL Y10 TOV TOIKTI TTOV GLUUETEYEL GTO TOlyvVio Kot £xel KivTpo va aAAGEeL
TOV TPOTO OV TULEL PE GTOYO TNV HEYIGTOTOINGT TOV KEPOOVS 1 TNV eAoyioTOTOINoN NG {NUdG
OV TPOKVTTEL. TO GUVOAD TV KIVIIGEWV, Ol THUVOL GLVOLAGHOL OV eMAEYEL 0 KGO TaikTng va
EQUPUOCEL LE OTOYO TNV UEYIGTOTOINGT TNG TPOCMOTIKNG TOV MPEAELNG 1| TNV EAAYLIGTOTOINOT TNG

Inuds yapaxtnpiletor wg TPOPiA GTPATNYIKOV.

1.11 Béitiotn Amokpion

Q¢ Béhtiomn Amdkpion (Best Response) oty Ocwpio IMoryviov, opiletar 1 otpotnyiky
€VOG TOKTN TOL TOL AMOOIOEL TO EVLVOTKOTEPO AMOTEAEGHO VA Oewpel OEGOUEVES TIG OTPATNYIKES
TV MOV Taktdv. O maikng mov akolovdel otpatnykn Bédtiomg Amokpiong £xel Guueépov
avty N otpatnykn tov vo anotekel Ayvp Nash Icoppornio dote o1 VEOAOUTOL TOIKTES VO, PNV

&yovv Loyo va aAlaovv emhoyn [58, Chapter 4].

1.12 Avauevouevo képoog

To avopevopevo k€poog €ivol To EKTIUOUEVO KEPOOC N M EKTIUMUEVY] XACOVPA TOV
TPOKOATEL G€ Eva Taiyvio Otav €xovv ToiEel o1 TOUKTEG TO TPOPIA LUKTOV GTPUTYIKOV TOVG KO
avaivetarl péoa and to Bivieo [70] 6mov avagépetar oe va mapddetypa Tov £XEl OXECT UE TA
TUYXEPG oY VidLa, £XOVTOC G 6TOYO TNV peylotomoinomn tov képdovg [17, Oproudc Avauevouevo

KEPSOG).

1.13 Ayvy Zzparyyixiy

Me tov 6po Ayvn otpatnykn opiletor n oTPATNYIKY €KEIvN, otV omoio kAbe moikTng
EMAEYEL (O LOVO amd TIG SLVOTES GTPATNYIKEG TOL GTO OKEPAL0, dNAadY| pe mbavotnta ion pe
TV HOVAOO, eV 08V EMAEYEL KoM OO TNG LLOAOWTES, OMAMON av €xel 000 oTpaTNYIKEG Oa

emAéEel vo. akoAovbnosl v pia | v GAAN otpamywkn [41, Evomto: Apysic kot peiktég
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oTPATNYIKEC]. TNV 0yvi] OTPOTNYIKN O TaiKTNG EMAEYEL Vo Tailel KAOE opd TNV 1010 GTPOTNYIKY

[3, Opiopog: Apyng Ieoppomio Nash].

1.14 Mexty Ztparyyiky

[Tepthappdvel cLVOLAGHO GTPUTNYIKAOV Ol OTOieC EMAEYOVTOL He TOAVOTNTA HKPOTEPN
™G povadag, dnAadn av €vag maiktng €xel Ovo OTPATNYIKEG UmOpel Vo €QUPUOGEL TNV Ui
otpoatnywkn kotd 60% wxor v dAAN katd 40%. Ov piktéc otpatnykéc kabopilovv OTL 1M
oTpaTYIKn Tov o emAEEEL va epapprdcel o Taiktng Ba emdeyel Tuyoaia omd To GHVOAO TOV ayvVAOV
oTpaTYIK®V 7oL £xel, pe kdmowo mbavotnta [40 Opopdg Mewktég otpotnyikég], oniodn
oTpaTyIKEG Omov 0 KABe maiktng mailel pe mBavotnTeg kAbe po Ypoupnq M oTHAN va €xel
aOpotopa (1) éva, dNAad” ovopdletal 1 GTPATYIKN EVOG TAUKTY TOV YPNOUOTolEl Kabe emhoyn
Tov Pdoel €vOG TOGOOTOV TOAVOTNTOC E OTOYO VO TETVLYEL TO UEYOADTEPO OLVATO KEPOOG, WE
o100 vo unv eivar mpoPAréyuog [76, Abstract]. v pewtn otpatnyikn Kovévog amd Tovg
ovppetéyovteg dev embupel povopep®S Vo OAAAEEL TNV UEIKTH OTPOTINYIKN TOL Yot ov

HOVOUEPDS 0ALAEEL Bal £xel LKPOTEPO OVOUEVOLEVO KEPOOG. 49

Me Vv HEKT OTPATNYIKY TETLYOIVEL TO peyoAbTEPO duvatd képdoc. Otav ot maikteg
armopacifovv va moifovv He UEIKTEG OTPATNYIKEG ONAadn He Kamoleg mBavotnteg ToTE
1oopponeital 1 kotdotaon oe ddpopa matyvia onwe oto [Iétpa-Yaridr-Xapti , dniadn mailovv
oomifava, KavEvas omd Toug dV0 TTaiKTEG dev pmopet va TpoPAdyet, vo kataldPet Tt Oa maiEel o
OLUTOUKTNG TOV, TPOKVMTEL EVOG GULUUETPIKOG Tivakog, vmdpyer 1010 wAnbog 1cofapdv
OmOTEAECUATOV, ONAOON £va TOPAOEYIO UEIKTNG OTPOATNYIKNG HE TNV HOPPN €VOC Tatyviov og

durivaxo (A,B) mov amoteleitan omo:

&va, d1ivoo o X M-01aotaoemy

X1
X2

Xm

,0mov Y%, xi =1,%>0vi=1,....m

Ewova 5. Aidvooua X m-diaotdoemv
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Kot £va, S1dvucpa Y N-draatdoewy

bal
¥

¥n |

,(’)nOUZ?:lyi =1,x>0w=1,...,n

Eixova 6: Aiavooua Y N-o1aotaoemv

Emopévoe pio pewty otpatnywkn eivor pio opodomoinon kabopdv  oTpaTNyIKOV
KaTOvEUNUEVEG o€ TOAVOTNTEG, WO KOTOvOUn mOovOTNTOC OTO GUVOAO T®V JlBEGIL®Y
OTPOTNYIK®V OV £YEL O TOIKTNG, OVOPEPETOL KO GTNV dratedn mov yivetarl avopopd otig Meiktég

2mpornykéc [41, Opiopdg Mewtég rpatnyikéc].

1.15 Mextny Ieopporio Nash

Yy pekth woppomion kord Nash vmapyel tovddyiotov évag maiktng mov emdéyel va
maiel o Toyoion EmMAOYN Kot Kovévag GALOG maiktng dev €xel TV dvvatdTTO VO QVENCEL TO
OVOUEVOUEVO KEPOOC TOL EMAEYOVTOG VO TToiEel KAmowo GAAY, EVOALOKTIKN oTpatnyikn. Méca
amd 1o mopokatom Bivieo [38] 6mov avagipetor oto moiyvio H Mdyn twv @dlwv mapovoialetal
nog vwoAoyileton  Mewt Iooppomia Nash. Ot maikteg dnAadr mailovv ue mbavotnteg , OEAovv
va. Bpovv €va TpoPik GTPATNYIKAOV, INANON ToU{oVV HEIKTEG OTPATNYIKEG KOl KOVEVAS OO TOVG
V0 maikteg 0ev BEAEL Vo OAAAEEL LOVOUEPMG TNV GTPOTINYIKN TOL. X€ Taiyvio Omov o KdOe
TOIKTNG €XEl MEMEPACUEVO OPOUO KIVNOoE®V KOl LTAPYEL MEKTH tooppormio katd Nash,
nopoTnpeital N cuvONKnN ¢ KaumTvAng adogopiag [49, Chapter 3 Definition Indifference Curve]
onAadn vmhpyel £€va. GOVOAO GLUVOLOCUMOV-YEMUETPIKOG TOTOG onueiwv (TOGOGTH HOPAGUEVA
HETAED TV EMAOYDV «KOTOVOAMTAY - £d® Taiktn) Yo T0 omoio o moiktng Aapfdaver v 1o
GLVOMKT] Kovomoinon omd kabe cuvovacud (dBpoicua dvo tiudv, m.y. petafintov X ko V) -
onueio g KoumdAng, @ote vo givar adldpopog Yot oAAOyYn EMTAOYNG GLVOLAGHOL €l NG
KOUTTOANG TOPOTNPEITOL L0 GUUUETPIKT] 1IGOPPOTHa KOt £vaL TopAdEyLa TETO0V TToyviov givor o

noaiyvio Matching Pennies o6mov emidéyeton por toyaio otpatnywn [49, Chapter 8 Mixed
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Strategies] N kot peKT GOTE VO 0moPeLYOEl TO PUVOUEVO TNG EKUETOALELGNG TOV TUIKT®OV [62,

Chapter Mixed Strategies]. Xto cvupetpikd maiyvio Matching Pennies (Eikova 7) évog ek tov

dvo mouktdv mailel v emAoyn “heads” pe mbavomta 60% kot v Etaupn emhoyn “tails” pe
10600t0 40%.To dBpoiocua Tov mMBavoTTOV OA®V TOV ETAOYOV TOL 1010V TTaiKTn, 6€ AVTO TO

naiyvio, wwovtot pe 1.

Player 2

Heads Tails

Player 1 Heads | 1-1 | -1,1
Tails 11 1A

Eixova 7. TTivaxag 6mov gugavilovtat o1 6TpatnyIkéS ToV ToKTOV 6To Ttaiyvio matching pennies

H toyoio oot emhoyn omoutel iom KOTOVOUY] TOL OVOUEVOUEVOD KEPOOLS £TOL OGTE O
maiktng toyoio va moiEel po amd g dvo otpatnykés A 77 B mov Ba tov amogépovv to id10
emBountd KE€POOG, OPOPETIKA 0 maiktng Oo KataAnéer va moiel pio poévo amd Tig 0vOo

GTPOTNYIKEC.

1.16 Haiyvio unoevikov ABpoicuaros

‘Eva moayvior opileton o¢ pnodevikov abpoicpatog (zero-sum) otov to GOpocpo G
amddoong (pay-off) oe cuvdptnon pe toug maiyteg ivar undév aveEdptnra and Tig EVEPYEIES TOL
emAéyovtal amd Tovg maiktec. Mia 1010t TOV TToryviov undevikod abpoicpatog gival 0Tt ot
avtioToreg TWéG TV KeMdV eivorl avtifeteg kot to amotéhespo mov Ba mpokdyel and v
npocheomn twv dVo mvakwv Ba etvar ico pe to undév. Lta matyvio unoevikod abpoicpatog M
oeéAeln IOV £yel 0 évag okt givon iom pe v andielo Tov dAlov [24, Part 1] 1 aAliog o
KEPON TOL €vOG maiktn amoteloVv {nuiec ywo Tov dAro maiktn, eivor To maiyvie 6mov o €vog

noiktng kepdilel ko o AAROG ydvet.
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1o moiyvia undevikov abpoicpartog :

A) Ot %0 maikteg oképtovtor opboroyikd [66, Opioude Tlaiktng] 0nmg avaeépeTor Kot
OTNV anuUeEIWTEIS OOV OVOADOVTOL £VVOLEC TOL GyeTilovTan pe v Ocwpia moryvimv Kot ETAEYOLV
TIG OTPATNYIKEG TOVG UE OMOKAEIGTIKO GTOYO TN OIKN TOVG gumuepio PACEL TV GTOLKEI®Y TOL

nivaka, gV avTIOPOLY GLVALGHNUATIKA

B) Ot naikteg yvopilovy v KOTOVOUT, THY HOPEN TOL TTivaka TANP®U®Y Kot EEpovv 0Tt
Kol ot avtimadol toug yvopilovv 1t dopur avt. Ot maikteg emMAEYOLV TAVTOHYPOVA TO TPOPIA
Kwvnoewv mov Ba €pappocovV, YOPIG Vo ETKOWV®VOUV UETAED TOLG Kol Ywpic va €yovv

evnUep®OEl K TOV TPOTEP®V YOl TNV EMAOYT TOV AVTITAAOL TOVC.

1.16.1 Hapaoderyua Haryviov 2 woaktwv Myoevikod AGpoicuarog

e éva malyvio 2 mouktov pundevikov abpoicpatog o kKabe maiking £xet 600 oTpoTNyIKéS,
omw¢ mopovotalovtor kot otov [ivaxa 4 [28, Ocwpio [Moryviov Mépoc A’] kot oto Bivteo, o
TPOTOC kNG 0 A €xet Tic A1 Ko A2 kot 0 devtepog maiktng o B tic B1 kot B2, Ot tipuég tov
TIVOKO OVTITPOCOTELOVY TO KEPOOG TOL TTalikTn A Ko avtioToryo TV {nuid Tov taiktn B, oniadn
otav o aiktng A €xet k€poog mov 1oovtal e 8 o maiktng B €xel andieia ion pe -8 dniaon 8-8=0
apo TPOKHTTEL TO TOiyVIO UNdEVIKOV afpoiopotog, OnAadr] 1 apolPr], To KEPSOS TOV EVOG TTOAKTY
wovtol pe v {nuid tov GAlov maiktn. Onwg kot av emAééel o maiktng B mv tyunq -4 , €&t

k€pO0g 4 kat o waiktng A {nuia 4, dpa 4-4=0

Zrpatnykés B
ZTpoatnyikég A B:1 B>
A1 8 -4
Ao 6 5
Iivakxog 4

ITivaxag mouyviov 2 mouxt@v unoevikod obpoiouatog

Ievikd to maiyvia 2 Toktov amaptiCovrar amd Tov Toiktn ospds-ypoupung (Row player)

mov akohlovBel M otpatnywk kot tov maiktm othing (Column player) mov okolovbei n
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OTPATNYIKY, ONAOON IO GTPOTINYIKN] TOV 1GOVTOL PE TO OVUCUO TG TOOVOTNTOS TV OyVOV
otpatnyik®dv. Eva maiyvio 2 maiktodv givor éva obvoro aplBuntikeov tpov (R,C) mov
anewoviovtal og Tivakeg Mxn kKot yio vo Oswpeitor undevikod abpoicpatog Bo mpémet va 1oyvet

n ocvvinkn R=-C.

210 Toiyvio pndEVIKoL afpoicratog PTopoviE EDKOAO KoL YPIYOPa Vo BPodUe TNV ugikty

Nash ioopporio pe v €nilvom VO SLUGOYIKAOV YPOUUIKDY TPOYPULUUATMV Y10, TOVG 300 TOIKTEG.

Ortav &yovpe ayvn wooppomio Nash o maiktng dev umopel Lovopuep®S vor avENGEL TO KEPOOG
mopd uoévo av arddéel kot o GAlog moaiktng TV otpatnyikn tov. e ayvry Nash icoppomia
KOTOAYOUV €MioNG Ol TOUKTEG OTAV EMAEYOVV VAL EPUPUOCOVY GTPOTNYIKEG TOV OEV TPOKVTTOLV
Bacel eymiotik®v kpunpiov pe oamotélecpo vor punv avéavetal 1o KOowmvikd koctog. H
oLVEPYUGIO KOl O AATPOVIGHOG EIVOL YOPAKTNPICTIKA Lo EVVOTKNG oTpatnyikne. O maiktng mailet
povipa poe cvykekpuévn otpatnyikn. Hapadetypoata wov Bonbovv oty katavonon avtig g
AOYIKNG eivon Tatyvia oto omoio. eUTAEKOVTOL dVO TAIKTEG, O KOOEVOG €K TV Omoi®mV £xel  OLO
dwbéoeg kvnoelg Tic omoiovg yapaktnpilovpe 4 kot B. Av ot TaikTeg SIOAEEOVLY O1OPOPETIKES
KWNOELS , 0 k0Be €vac Ba €xel KEPSOG UNOEV, av emAEEOLY Kot o1 Ovo TNV Kivnorn 4 maipvovv

KEPOOG OO evd av emAEEOLY TNV Kivnon B Ba £xovv dperog £va OTm¢ ameikovileTon Kot 6ToV

Iivaxa 5.
A B
Al (22) | (0,0
B (00| (1)
Ilivakxog 5

Laiyvio undevikov abpoiouorog ye Tic aTpaTNyIKES TV TOUKTWV A Kou B

To mpoeih kwhoewv (B,B) amotelel pio ocvvOnkn 1coppomiog dedopévov OTL o
povopepnc andkiion oto A and tov kdbe maiktn Oa elye oG amotélecpa pkpoTEPT amoAapr| yio
tov maiktn mov amokAiivel. To 810 oyvetl yuo to mpogik kwvnoewv (4,4) to omoio eivar emiong

wooppomia [16, Nash Equilibrium].
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1.17 Haixtyg

Ye KGOe maiyvio vrdpyovv meEPLGGOTEPOL O Evav TTAUKTEG TOL AAUPEVOVY OTOPAGELS
(decision makers) [51, Chapter 1.1]. Ot ouddec M| o1 HOVAOEG OV TAIPVOLV TIG ATOPAGELS
ovoudalovtar maikteg (players). Ot maikteg Oempeitar 0tL Eyovv Aoyikn cvumepipopd (rational
behavior). Ot Rational Decision Makers [23, Opioudc Opboroyikry Etthoyn] sivor ovtotnrteg-
naikteg (AvOpwmol 1 oTdNToTE GAAO) TOL GLUUETEYOLY GTO TALYVIO KOl ETOUDKOLY Vo, Adfovv
v BérTiom (ONAadn TV TAEOV GLUUEPEPOLGA Y10, ALTOVS) ATOPACT) GOUPMVO, LLE TIG TPOTIUNGELS

7oV €EAPYNG EXOVV SUUOPPDGEL.
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2" Awgseény 23/10/2019

2.1 To AiZquua tov pviaxicuévov Prisoners' Dilemma

To oilnuuo. tov povloxiouévov Bewpeiton €va amd To TO YVOOTO TOLYVIO GTPATNYIKNG
nopoens. To dvoud tov mpoépyetar amd pia wrtopio mov euniéketl [54, Chapter 2.1] vadntovg oe
éva &ykinuo. Omog yivetar avoeopd kot oto ocbvyypaupo Theory Of Games: An Introduction.
Mmnopobv va emAéEovy va opoAOYNGoLY 1 Vo Tapapeivouy clomniol. Yapyovv apketd otoryeio
vy va Kotadikaotel o kdbe Evag amd Toug 000 eVOYOVE Yo TO UIKPOTEPO TOPATTMLO, COTKTLLOL
ov €xetl OampdEel oAl Oyl TOGH TOAAE Y10 VO KATOOIKOGTEL O OTOI0GONTOTE OO TOVS OLO Y10
peyoAvtepn mapdfacn oty omoion €xel LWOMEGEL av O €vag Oev maiel 10 poOAO  TOL
TANPOPOPLOdOTN evavTiov ToVv GAAOV. AV Kol o1 dVO Tapapeivouy clwmniol, Tote 0 kabévag Oa
KOTOOIKOOTEL LE TNV HKpATEPT TTOWVT| Kot Ba TEPAGEL £val YpOVO 6T GUANKT. YTThpyeL OU®S Kot 1
mhovoTNnTa 0 £Vag LOVO VO, KAPPMDGEL TOV GALO LE ATOTEAEGHA VO, KePOioeL TV elevbepia Tov, va
ypnopomombel cav papTupag evavtiov tov aGALlov o omoiog Oa mepaoel t€ooepa (4) ypoOVia GtV
eviokn. Eqv topa kot ot 500 oporoyncovv o ke évag Ba mepdoet tpia (3) otnv eLAakT. Avtn
N Katdotaon pumopel va poviehomomBel pe v popen evog maryviov otpatnykng. 7o dilnuuo tov
poviaxiouévov dev Bewpeiton matyvio undevikov obpoicpatoc. Or maikteg 6mov €0® eivar ot

QLAOKIGUEVOL, UTOPOVV VAL EXOVV Kot 01 000 KEPSOG TOVTOYPOVA GTAV dEV OLLOAOYTIGOLV.

To oilnuua tov pvloaxiouévov pmopel vo avoarapactadel pe v poper| mivaka, o oroiog
ovopdletar kovoviky popen Tov moryviov. AVo QULAOKIGUEVOL TPOcEPYOVTOL GE OiKn Yo éva
gyrinuo Kot Ka0e €vag EpYeTol avIETMTOG LE TNV EMAOYN VO OLLOAOYNGEL TNV EVOYN TOL N} Vol

TopaUEVEL LOTNAOG OTTmG avapépetal Kot oto Pivteo tv Christian kou Griffins H Alyopi6uikn
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vy twv anopacewv [6]. Eav ko ot dvo mapapeivouv olomnroi [65, Archive Prisoner’s
Dilemma], ot apyéc dev Ba pmopovv va mpoPovv oe Kotnyopieg o Kovévay amd Toug dVO Kot TO
eMdy1oTO TNG TOVNG Tov Ba exticovy Ba givar dVo ypdvia yio aonpavTo Topartopato. Edv topa
LoVo 0 €vag amd TOLG SLO ATOPUGIGEL VoL OLOAOYNGEL 1] TOWVN TOV Bl pelwBel oTov Eva ypdvo Kot
0o ypnowomomBel Ko cav HAPTLPOG EVAVTIOV TOL GAAOV KOTNYOPOVUEVOL O oOmoiog O
evhakiotel Yo mévte (5) ypovia. Xav tedevtaion Abon eivarl vo opoAoyncovy kat ot dvo (2), Ha
ouvepyaoToOV pe TS apyés Kot Ba ekticovy técoepa (4) xpdvia TNV PLAOKY], OTIMG AVAPEPETOL

Kot TEprypapetan oto apyeio Prisoner’s Dilemma pe tovg Tanya kot Cinque mov Afoteyav v

Hibernia Savings Bank.

Yrdpyovv téc0epig (4) dvvatég exPdoelg avtng g vrobeong ol omoieg Pacilovtal otnv
eMAOYN ToL Ba KAvel 0 KaBEVAS amd TOVG 30O (2) PLAAKIGUEVOVG KOl TO, OTOTEAEGLOTO UTOPOVV

va, aroTuvt®wlovv og Evav 600 ent dvo (2X2) mivaxa (Eixkova. §).

P2
PR Confess Silent
4 5
Confess
4 |
| 2
Silent
5 2

Eixova 8. O1 ovvatéc ekfooels mov TIpoKDOTTOVY G0 TO TOLYVIO TO OIANUUO.

70V PUAGKITUEVOD
Apo.
* Avo puiakiopévor, P1 kot P2, kpatobvtatl og Hmontot yio Eva €yKAnpo 6€ xoplotd KA.

* O avaxkping pAdetl kot otovg dvo Eeymplotd kot mpoomabel vo Tovg MEIGEL VO OLLOAOYNGOVY
[55, AtdAeén Bswpia Toryviov], 6mwg eaivetol ko oty ddAeén mov meptypdoet to maiyvio To
Ainquua oo Pvloxiouévoo.
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* YrGpyovv to mopoKat® eVOEXOUEVAL

» No opoloyncouvv kat ot 0o

» No punv opoA0YNoEL KAVEVOS

» No oporoynoet pévo o maiktng P1

» No oporoynoet pévo o maiktng P2

AVTO TOV GLUEEPEL KOl TOVG 2 €ivol voL UV OLOAOYGOVY. 26TOGO, AV Y10 TOPASELYLLO. O
P2 motever 6011 0 P1 dev Ba oporoynoel, tote t0v P2 tov cuppépel va oporoynoet. To 1010
avtiototya oyvel kot yio tov P1. T'evikotepa, v kabe emdoyn tov P1, tov P2 10V cuppépet va

opoAroynoet. Telkd opoAoyodv Kot ot 600.

O x40 évag amd tovg dVo (2) puiakicpévoug £xet 6V0 (2) mBavég otpatnyikég mov gival
Vo OLOAOYNGEL 1] VO Topapeivel olonmniog. Onwg PAETOVE Kot amd Tov TTivaKa 01 AToPAcELS TOV
evAlakiopévov P1 amoppéovv amd Tig oelpég Tov mivaka Kot Tov QuAaKicuévov P2 and tig otyieg
ToV Tivaka. Avtog o mivakag givol £vag mivakag KOGTOVG YloTi TO OmMOTEAEGUO, TO KOGTOG OV

wpokvnTEL kKaBopileTal amd TNV ETAOYN GTPATNYIKNG TOL O EPAPUOGOLY Ol PLAOKIGUEVOL.

Méoa and to Aidnuuo tov Doiakiouévov GKypoPOVVTOL AvVOPOTIVOL YOPAKTPIGTIKA TOV
EMOPOVV OTIG OYEGELS KO OTIS AMOPACELS TOV aVOPOTOV OTMOC 0 EYMICUOG, 1| GLVEPYUCIN HECH
™G omoiog pumopovv vo €pbovv 6e KaALTEPT dvvartn cvupovia, n MO gvactncio kKot 1
voypEwon mov £xel 0 kKabe dvBpwmog g TPog Tov cVVAVOPWTO Tov. Tleptypapn Tov Taryviov Tov
Aijupazog tov Pvloxiouévoo mapovctdlovv kot o Brian Christian kot o Tom Griffins og fivteo
ovvepyaoia pe tig avemomuakéc Exddoeic Kpnng [6] 6mov « deiyvovv mag ot adyopiBuor wov
Eyovv avomtoylel yio. T0UG VIOAOYIGTEG UTOPOVY Va. CEO10ADVOVY KO KOO0 YOpPOKTHPLOTIKG,

avOpo IV EpWTHUOTON.
2.2 Maple

To Maple, yio t0 omoio pPmopovUE VO, AVTANGOVUE TANPOPOPIES OO TO SOOKTIKO LAKO

nov Topovctdletol oto Bivieo [4] eivar £va cupPoiikd Kot aplOuUNTIKO VITOAOYIGTIKO TPOYPOLLLLOL

AEPBENTZH BAZIAIKH, Mavemotipto Awyaiou, T, Mny/kwv M.E.2 31


https://www.youtube.com/watch?v=17o8CIeXV2Y&list=RDCMUCQXxfC5_Wvlx-eywB9EmaMw&index=1
https://www.youtube.com/watch?v=_owk8XLx0tw
https://www.youtube.com/watch?v=_owk8XLx0tw

5 Nim\wpotikd Epyacia: Avantuén unepkeiuevou ya padnoilakd avtkeiueva os «Oewpia Motyviwvy»

KOL [0l YAMGGO TPOYPOULUUOTIGHOD OV £XEL EPUPUOYEG OTIV EKTOIOELON, GTNV UNYAVIKT KOl GTNV
épeuva, avaAel, HEAETA Kot divel ADoelg o pafnuatikd TpoPAiuata Kabdg og Epya punyaviKonH
oxedopov. Eivar éva dadpactikd aiyeBpikd cvotnua vroloywoty [32, Preface] 1o omoio
umopel  vo  mpoaypotomomost  axpieic  vIoOAoylopoVS  aképatwv  aplOudv, cupPoAkodg
VTOAOYIGHOVG, 7OV oamotereitol amd o PifAodnkn pe evpeic emAoy EVOOUUTOUEVOV

HaONUOTIKOV EPYOAEI®V KOl GUVOPTHGE®V.

H Bipriodnkn tov mpoypdaupatoc Maple ympiletor oe técoepic (4) Pacikéc Kotnyopieg
0TI OTOLEC YIVETOL OVOPOPA OTIC TPOEYKATECTNUEVES ECOTEPIKEG AEITOVPYIEG GTO GUOTNUO TOV
Maple, tic Aettovpyieg mov apopodv TIg KTl amaitnon eoptouéves Pipiodnkes, PipAodnkeg
OV OMOTEAOVVTOL OO O1APOPES AEITOVPYIEC OV OeV £xovv PopTmBel avtopdTmg Kot amd Evo
obvolo Aettovpyidv to. Aeyoueva makéta (package)ta omoio £xovv @OPT®OEL KAVOVIKA pE TNV

xpron evtorig [5, Kepdato 1.2].

2.3 IloJvmiokotyTa,

To Ayotepo dvvatd cOvoro Pondnuatwv mov amorteiton yuo v enelepyacio evog
wpoPAuotog M exTéAeonc €vog alyopiBuov OTmC Yoo TopddEya N LWVAUN N O XPOVOS TTOV
arouteital, opiovv v €vvola TG ToAvmAokdtnTag. O TpOTOG e Tov omoio umopel vo petpnei n
emidoon evog adyopiBpov sivar epmelpikd (a posteriori), dniadn vroroyileton kat epoppoletol o
€vo, GUVOAO OE00UEVOV HETPMOVTIONG TOV OTOLTOVUEVO YPOVO €KTEAEONG TOL OAyOplOuoL of
OUYKEKPIUEVT] VIOAOYIOTIKY pnyovh 1 Bewpntikd (a priori), 1 0AMOE €K TOV TPOTEP®V YVOOT,
ONAadn vroAoyileTon 0 ¥PAVOC Kot 0 YMPOG TOL ¥PELALETOL O aAYOPIOIOG GE GLUVAPTNON UE TO

uéyeboc tov cuvorov Twv dedousvav tov [48, Chapter 2].

Ye maiyvio 0mov yiveton Edeyyog e0peong Nash loopporiog m moAvmhokoTnTa 0pileTan mg
N HeYoADTEPN O1AGTOOT) TOV TivaKe VYOUEVN €1G TNV N dVVOUN, Tov eKPPAalel 10 péyebog tov
TPOPANUATOC MGTE M LETPNON TNG ATOOOTIKOTNTOS TOL aAYOpIBLoL va 1oyveL Yo KaBe chvoro
dedopévov. Yrdpyet évog aplBpdc maryviov o omoiog dev Avvetar To {010 0KOAN e TTaiyvio o
pikpd. Otav vmapyovv mpoPAnuata pe Pabud ovcokoAiag, Oniadn vmdpyer pwo KAGOM
npoPAnudtov n PPAD (Polynomial Parity Arguments on Directed graphs) | omoia pmopei Aoyw

EMAeWYMG XpOVOL va. unv divel GUeEGH Kat Yp1Yopo AVOT GE TTaiyvio V0 TOUKT®OV OOV OOLTEITOL 1|
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eopeon g upewtng Nash 1coppormiog [48, Kepdhawo 2] epopuoletor 1 Ogwpion ™G

TOALTAOKOTNTOG e TNV Ponbeta adyopiOuwmv.

2.4 AlyopiBuog

AAlyopBuog etvar pia memepacpuévn akoAovBia eviolmv, Tov £xoVV OpPLoTEL HE CAPNVELD
Kot okpifelo pe otdéyo Vv emilvon evog mpoPAnpartog, €vo chHVOAO 0dNYldV (o pnT Kot
unyaviké exktedéolun axolovbio otoyyelwdmv odnymv) [35, Opiopdg AlydpiBpov] mov Avvouvv

éva mpoPAnua. Etvor n pobnuatikny évvola mov xpnoilonoleitol 6 Hiol VITOAOYIGTIKY] S100TKAGTa

ywo. TV ektédeon oG epyaciog [78, Evomnta 1: Avdlvon AdlyopiOuwv], pio vroloyiotiky
dwdwacio wov maipvel pio 1 TEPIoCOTEPES TIWEG GOV €16000, ekTeAel (o oelpd kabopiopévav
Pnuatov kon mapdyel pio | meprocdtepes TIEG cav €£000. AnAadn évag ailydpBuog elvar pio
aKoAovBio LVTOAOYICTIK®V PNUATOV TOV GKOTO £xEl va. petacynuatilel v €icodo og €000, o

S0 1KaGio TOV VITOAOYIGTH TOL EMAVEL £vaL TPOPAN LA,

AAlyopiBpog pmopet va Bewpnbel por cvvtayn payelpikng, Omov Yoo vo TNV eKTEAECEL
Kémolog Bo mpémel va akoAovOnoel Kamol PrApata péxpt vo eBACEL GTNV TOPACKELY Kol
OAOKANP®OTN 1TNG CLVTOYNG N ML TEPLYPOPYT] OTNV ALON €vOG HaONUatikod mpofALatog

aKoAoVOMOVTOG pia AoYIKN 6€1pd GLALOYICU®V TTOL B 0O YIGOVY 6TV AHGN TOV TPOPANUATOC
2.4.1 Iowotytes ALyopiBuwv

[510ttec OV Yopaktnpilovy Tovg akyopBuovg eivor ot e€ng [ 35, 1810t tec AhyopiBuwv]:
Eicodog (Input) : Aedopéva mov divoviar o¢ £i60d01 6TovV ahyopOpo.

Eooog (Output): TMpémer vo. mpokdRTEL GOV AMOTELEGHO, TOVAGYIOTOV piot T OESOUEVDV ®C

OMOTEAECLLOL GE GUVAPTNON LE TOV ¥PNOTN N TPOG Eva GALO alyopBpLo.

KaBopiotikotnro. (Defineteness) : ké0e evtoAr] mpénel va omodidetar pe cagnveln kot axkpifeia
vy va. pumopel va kaBopiotel ¢ mpog tov TpOTo KTEAECNG TG, Ba mpémel va opilel Oleg Tig
duvaTtég AGEIS MG EVOEIKTIKES TIHEG OTMG KOl OTNV TEPITTMON TNG Olaipecng 6mov 0 dpEtg

Aoppdver v T undév.
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Ieparotnro,. (Finiteness) : o olyopiBuoc Oo mpémer vo TeEAEU®VEL WPETA TNV OAOKANp®ON

TEMEPUCUEVOV PNUATOV EKTEAEONC HIOG EVTOANG 0AM®MG Bempeital po VTOAOYIGTIKN SlodKaGiaL.

Amnotereouatikotnro. (Effectiveness) : o adyopiOuoc amotereiton and pepovouéveg amAég EVIOALS,
OnAadn o evioAr mov Ba Exel oprobel Ba mpémer va umopel va exteleotel, va £el amOTEAEG AL,

0o Tpémel 0 alyopOpoc va glvar amodoTIKoG.

Avo onuoavtikoi Tapdpetpotl tov kKabBopilovy ™y amodotikdTNTO VOGS aAyOpOoL lvon M
YOPIKN Kot 1 xpovikn toilvmhokodtnta [78, Evotnra 1: Avdlvon Alyopibuwmv]. Katd cuvéneia n
HeAETN Ko M Kotavonon adyoplBuwv kot pebddwv mov Ponbodv otnv evpudun Aettovpyio piog
VTOAOYIOTIKNG HUNYOVIAG OLVOETOLY TNV pNYaviky padnorn Omov mTPoypoTtorolovVTol EPYUGIES
Baocer avdivong odedopévav, opadomoinong, TaSvounons, EEAYWYNG  OPOKTNPICTIKOV,

aVOyVOPIoNG TPOTUTTMV, EIKOVOV KO AVIAVCTC 0E00UEVOV.
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3" Awaseén 06/11/2019

3.1 John Nash
O John Forbes Nash (13 Tovviov 1928-23 Maoiov 2015) [68, Article] auepikavog

HoONUaTIKOG, ONUOCIEVGE UE TOV TOTEPO TOL TO TPOTO TOL oVyypoupa “The Bargaining
Problem”ce mlikio. dekoentd €t®v, T0 0moio dNuOcIELTKE otV gpnuepido “Econometrica”.
Atyo kopd petd avERTLEE TNV LEAETN] KOL TV EQOPLOYN CVTOV TOV HOONUOTIKOD HOVTEAOD HECEH
™me dwTpiPng Tov mov mapovoidotnke Tov emtéuPpn tov 1951 oty epnuepida Annals of
Mathematics. Xta gikociéva Tov ypovia 1 SMAOUATIKY S0P TOV Tapovcioce padnUATIKEG
10€€C MOV OMOTEAECAY TNV OPYN Y0 L ETOVACTOOT € Tedia IOV d10POPETIKA O™ Eival Ot

TOMTIKEG EMIGTNLES, TOL OIKOVOLIKA, To panuotikd kot 1 Eehktikny Boloyia [45, Abstract].

Kabitpwoe padnuatikég OepeMmdeig apyéc e Osowpiog [aryviov n onoia epapuoletal
YL TNV HEAETT KO KOTAVONON KOTAGTAGE®V AVINYMVICTIKNG dAANAEEAPTNONG KOTA TNV O1dpKELD
MUYNG amopAcE®Y  OPOPETIKOV HEPDY OTO TANICIO OVIAYOVIGHOV 1 OCLVEPYOUCIOG Kol
datvnwoe 10 Occpnua e loopporiac Nash (Nash Equilibrium), woa kotdotoon 6mov koavévog
0t0 TOVG MOKTEG TOV GLUUETEYOVV GTO TAlYVIo 0gv Umopel va vENGEL TO OPELOS TOV av AAAAEEL
LLOVOLLEP(MG TNV GTPOTINYIKN TOV. X& Talyvia AAANAETIOPOONG OMOPACE®V e TEMEPAGUEVO TANO0G
TOIKTOV KOlU OTPOTNYIKOV VTAPYEL TOLAAyotOov €vo onueio coppomiag Omov ot moikteg
npooTafovy va mpofAréyouy v kivion mov Bo emAEEOVY 01 AAAOL GUUUETEXOVTES GTO TOLYV1O,
TPOCTOOOVV oV KOTOAGBOVY TNV GLUUTEPIPOPA TOVG Kol VoL EMAEEOVY TNV O1KT] TOVG GTPATIYIKN 1|
onoia e€optdton amd TIC omopdoelg Twv vmoloinwv. Kotd tnv ioopporic. Nash (Nash
Equilibrium) éva mpogil otpatnyik®dv amotelel onpeio 1w0oppomiog EQOCOV KAVEVAS TOIKTNG deV

&xet kivnrpo (Bewpel cupeépov) va aAhael o 10106 oTpatyKy] eved PAETEL TNV GTPATNYIKY TOVL
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dAlov maiktn [43, Chapter 2]. To 1951 éywe péhog g oyoAng Massachusetts Institute of
Technology (MIT) amd 6mov ko mopotiOnke oto TéAn tng dekoaetiog tov 1950 petd amd

ddyvoon olloppEveLog.

[a to €pyo tov otV Oewpia woryviov tov amovepndnke to 1994 to PBpaPeio Noumer

Owovopiog.

3.2 Iowotnytes Ivaxwy

Q¢ 1W¥0TTEG TVAKOV Umopovue vo opicovpe opboymvieg mapatdéelg oaplfumdv 1
otoyeiov. Qg 1W010TTEG MIVAK®V Bempovvtor M AVTWETOOETIKY, 1| TPOGETOUPICTIKN KOU M
emueplotikn. [ivaxog ovopaleton po opBoydvia d1dtaén otoyeimv g HOpeNS M X N, €xel

daotdogic M X N émov M 1o TANB0Gg TV Ypoupdv Kot N to TAR00¢ Tov otAov ( Eikdva 9) .

ay Qo o4y,
ay Ay o dy,
a a_ - LA |

ml m2 mn

Eixova 9: OpBoyavia diataln otoryeiwy evog mivaxa M X N

To otoyegio mov avikel otV i-ypauun Kot j-otidn copPoriletar e aij 6mov 1<i<m xon /<< kot

glvo 1o yeviko 6TotyElo Tov TvaKa.

3.3 IIBavotytes

H mBavomra evog yeyovotog va oupfel ekppdlel v Pefordtnra va mparypotomomOet
avtd 1o yeyovos. Etvan évag apBudg mov €xet apetmpia 1o undév mov vmodnAdveL 0Tt To YeYovOS
dev umopet va mpaypotonomBel kot eOdvel 1o éva mov cvpPoiilel v PefardotnTa 6TL TO GLUPAY
Ba wpaypatomombei. Ot IMBavotnteg cduewva pe tov I'dAdo pabnuatikd Laplace «eivor 7
UETATPOTH THG KOIVHG AOYIKNG 0¢ HoOnuotikés exppdoeic», 10 mAN00g tv otoielov evog
evogyopévou vo. cvpPel g mPog T0 cLVOAMKO TANBOC TV SVVATOV ATOTEAECUAT®V TOL
npokvrtovy. Efvar o kKAad0g g HobnUaTIKig EMOTAUNG TOL €YEL GTOYO TV UEAETN TLYAIOV 1)

OTOYAOTIKOV YEYOVOT®V ToL cupPaivouy e cuvOkeg afefaidtntog OTMS avapEPETOL Kol GTIC
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onueiwoelg O6mov yivetar avaeopd otic [Nibavornres [19, Ewwayoyn]. Me v Ponbewn tov

TOAVOTHTOV €EAYOVTOL GUUTEPAGLOTO Y10, TNV AVOUEVOLEVT] GLYVOTNTO TOV YEYOVOTMV.
Tpomot pe tovg omoiovg UTopovE v TPocdlopicov e TIg TOAVITNTES Eival oL

¢ Klooou mpocéyyien (A priori Classical Probability)
H mbavémra emtvyiog Paciletar oe mpoyevéatepn yvaomn tng dadikociog (yvoon ex
TOV TPOTEPMV) Kol epeavifeTon o€ matyvia Onwg eivar ta xaptid, 1 piyn voUoUATOV,
Capudv 6mov 1 TBavOTNTA ATOTEAEGLATOG EIVOAL YVOOTI €K TOV TPOTEPWV.

¢ Epmepui) khaoowi] mOavotnyte (Empirical Classical Probability)
H mpocéyyion yivetan Paciopuévn oty eumeipion amd mpoyeveéstepes UEAETEC Kol
TOPUTNPNCELC.

e Ymokeyuevikn mOavotntoe (Subjective Probability)
O vmoAoyiopdg g mOhavotrog oty vrokeWeviky] mbavotnta Pacileton oy
TPOCMTIKY EKTIUNON &€vOG OTOUOL, O©E TPONYOVUEVN] EUTEPiO. KOl OTNV  HEAETN
OLYKEKPIUEVNG KOTAGTOONG Yoo TNV Omoio KaAoOpaote va, fpodue v mboavotnta [52,

KepdAato ITibavotnteg, Opiopoi ko Id10tnteg].

3.4 Aigvvoua IhBavotyTv

‘Eva dtdvooua mbovotitwv Bwpeitor £va dtdvocpa, &va otolyEeio €vOg O1VOGHATIKOD
YHPOL TOL 0Toiov Ta oTorKEin [85] ivart un apvnTiKd Ko Exovv GBpolcHa Eva KOt AIOTUTMOVOVTAL

o€ U PTpa TOoVOTHTOV LETAPAOTC.

3.5 Payoff Function — 2vvaptyon Avauevouevov Képdovg

H ovvapmon képdovg eivar pia pabnuatiky cuvdptnon mov meptypdeet v apoPn evog
TOAKTN OV TPOKLTTEL Gav ££000G, GOV AMOTEAECUN GE £val TO{YVIO, TOV OVTITPOCMOTEVEL £V
TOiyVio Y10 0To0dNmoTe TPOPIA oTpatnykadv [17, Kepdiawo 1.2].. Ot S1opopeTikéc cuvapTiOELG
KEPOOLG YPNGULOTOLOVVTOL Y10l VO TTEPLYPAYOLV SUPOPETIKES CLUTEPUPOPES TTOV TOPATIPOVVTOL
oto moiyvia petafd tov moktdv. Ot cUVOPTAGELS KEPOOVS TOPOVGLALOVV TIG TPOTIUNGELS KAOE
TOAKTN GE GLVAPTNON UE TNV XPNOT TOV TPOPIA GTPUTNYIKAOV TOL TAPOTNPOVVTAL, OOV TPOPIA

Oewpeitor n AMoto evepyeldv otig onmoieg TpoPaivel o kabe maiktg [16, Nash Equilibrium].
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3.6 I'pauuixog Ilpoypauuaticuos

O ypopukdg mpoypappatiopnds eivor 1 Sodikacio EAOYICTOTONONG L YPOUUIKNG
avTIKEWEVIKNG eElomong mov e€aptdtal omd MEMEPACUEVO OPOUO TEPIOPIGUAOV YPOLUIKTG
ootrag kot avicotntag [34, Chapter 1.1]. ‘Eyet epoappoyf otnv emotiun vroloyiotdv. Mmopel
va ypnoworomfel yio vo €mMAVCEL TOAAG GLVOVAGTIKA TPOPALOTO TOV (POIVOUEVIKO OEV

oyxetilovtot Le TOV YpapUKO TpoPANUATIOUO

3.7 Simplex

‘Evag akyopiBuoc M por pébodog emiAvong mov meptypdeel v €AayloTonoinon tov N
petafAntaov ko Paciletal otnv cuvdptnon KOGTOVG, EMOOKOVTAG pio BEATIOTN AVon omd  po
kopven (Avom) [46, Abstract] oe o koAOTEPT YEITOVIKN KOPLPN £T61 OOTE KAOE Qopd va
Beltioveronr n TN g ocvvaptnong . Otav Ppebel pio Avon and v onoia dev umopet va petafet
og GAAN yertovikn Kopve1 pue kKoAvtepn Tun ovty Bempeitar n Bértiotn Aon [30, Kepdrowo 3].
H Simplex givar n uébodog mov ypnoonoleitoar otV peytotonoinon ypopkng eéicmwong pe
UETOPANTEG OV VLWOKEWTOL GE YPOUUIKEG OVICOTNTEG, YPNOomolel axpaio onueio mhvia
av&avovtag To KEPOOG, YPNOWOTOIEITOL Yoo TNV €0PECN AVGEMV GE TPOPANUOTO YPOLLKOD
TPOYPOULOTIONOD , Eivor pio HEO0S0G UTOTEAEGLOTIKT Kot VITOAOYIOTIKA cvpumayng [46, Abstract]
Kol eKTEAEITON VP YOPO KOTA HEGO 0pO pE amAEG AoYIKEG akoAovOieg. Xpnoipomoteital ) eAdy1oT

dvvar mAnpogopia oe kdbe PriuaL.
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4.1 Ocawpyua Minimax (Aven Elayietomoineons tng Méyiotns Znuiog)

Otav vapyovv povo dvo maiyteg to Bepelmoeg Bedpnua g Bewpiog Taryviov 1 aAlmg
10 Oedpnua. Minimax mwov amodeiytmke [2, Introduction] omd tov Von Neuman to 1928,
OmOOEIKVVEL OTL Kol 01 dVO TOUKTEC UTOPOVV VO EMALEOVLV GTPOTNYIKEG TTOL EYYVMOVTOL TIG TIUEG
oV TovowL Pdoet mBavotNTeOY, OMANON HOG WKING OTPATNYIKAG M omoia meptlauPdvel
oLVOVACUO EMAOYDV, OO TIC OTOIEC TOVAQYIOTOV Wio eMAEYETOL PE UM aKEPALES TYEC. Y ThpYEL
o kT otponykny mov Oewmpeitar  Pédtion [24, Part 1] yia tov kdbe moiktn O6mov n
LEYIGTOTOINGT TOL €AYIOTOV KEPOOVE 100VTAL UE TNV €AayloTomoinon g mBavotnTag vo
YOCOLV. XTIC WIKTEC OTPOTNYIKEG LIAPYXEL TO Qowvopevo g oapefoardotntag oto maiyvio. To
Bedpnua Minimax dotvrm®nke oty Tpoonddeio peAETNG o€ atyvia, 600 TAIKT®OV Undevikoy (1

otafepo) abpoicuatog 6mov amodeikvdetol 0Tt vdpyet Aoon [2, Introduction].

H maximin anddoorn kdbe moiytn £ivar ot IOV OVIIGTOYEL GE QLTIHV TNV GTPOTINYIKA
OV 00MNYyeEl oTNV pEyloTOMOINGN NG EAGyoTNG eéAewng Tov maiym [74, Opiopdg
Maximin/Minimax] 1 aAM®OG peylotonolel To EAdI6TO KEPOOG OV Umopel var Exetl Exovtac AdPet
VIOYT TO YEWPOTEPO GEVAPLO, OTMOS TAPOLGLALETAL KOl GTNV S1AAEEN TTOV avaPEPETAL OTIC MEIKTES

2TPOTNYIKEG.

H minimax amddoon ke maiytn ivol vt TOL OVTIGTOLEL GE OTHV TNV GTPATIYIKY
OV EAOYIOTOTOEL TNV UEYIOTN AMAELD TOV 100V TaiKTY, 0 KAOe mOiKTNG amoTPENEL TOV GAAO

TodkTn Vo €xel kKaAdTePT 0mOd00N Kot wQELEL Ao TOV 1d10.
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Ag vrmoBéoovpe Ot €ovpe dvo maiyteg ko mailovv o évag evavtiov Tov dAlov. Oa
TopaTnPoovpE 0Tl N KéBe Kivnom, To KAbe PriLo TOV KAVEL 0 évog TalkTNG £XEL GOV GTOYO VoL
LEYIGTOTOWOEL TO KEPOOG , VO VIKNGEL TNV OTLYUNY OV 0 GAAOG TaiKTNG EMALYEL KIVOEL TTOL Oal
EAAYIOTOTO GOV TNV Ya.covpa Tov. TeAkd kot ot 000 maiyteg €& opiopov BEAOVY va Exovv TV
HEYIOTN OOd00T| LE TNV WKPOTEPN AMMAELN, O £VOg TaikTng 0o cuVEXIGEL VO LEYIGTOMOLEL TO
VILAPYOV KEPOOG EVA 0 AAAOG Vo, EhayioTomolel TV ammdAeio. H kupilapym 10€a glvan o maiktng va
npoPel oty kahdtepn kivinon yvopilovtog tmg to 1010 Oa KAvel Kol 0 avTimaAog Tov. Xta Tatyvia
undevikov abpoicpatog o maiktng yvopilel T 01KEG TOV oTPATNYIKEG KAOMG Kol T GTPOTNYIKN
ov Ba epapuocel o avtimardg tov. Otav éva otoyeio otov Tivaxka amoAafdv TG CTPOTNYLKTG
maximin eival kowvd, ico pe 10 otoyEio oTpaTNYIKAG MINimax, Tote TPOKLATEL TO OMUEI0
ooppormiag [29, Lecture Zero-Sum Games Example] , 6noc mapovoidletal kot oto Bivteo, 6mov
woovtat pe v oia V (Value of the game) [66, Tapdderypo 1] Tov maryviov mov avagépetan Kot
0TO TOPAdELYHa TNG OAeENG Kol €lval TO EAAYIOTO GTOYXEIO TNG YPOUUNG TOV TVAKO KOl TO

HEYIGTO TNG GTNANG TOV aVTIGTOL(OL TTIVaK.

x | @ wvpiapxn K T X tions. X Microsoft Word - GameTheory.c. X +

C @ thalismathupatrasgr,

Microsoft Word - GameTheory.doc

1K1 maximin Kot minimax

B, B,
Ay | -1

A 1* |Maximin onueio |
Az | -5 -5

max| 1% V=1

Minimax onueio |\_/

O aVTIKEWWEVIKOG GKOTOG TOL A €ival VA HEYIGTOTOU]OEL TO KEPON TOV,
Kot Tov B va gEhayrotomonjost T npuid Tov. Ou 1coppomiicovy ekel Gmov
0 A 0a peyrotomorei 10 ehdyoto kEPOOg Tov Kot 0 B Oa ehayroTomorei
™ péyretn nuia Tov. OvolaoTIKG, 1GOPPOTOVY eKel OOV Kat ot dVo
EMIYLOTOTTOLOVY T1] PEYIGTI] {NILd OV PTOPOVY VU VTOGTOVV.

a: hetp:/macedonia.uom.gr/~acg
fa: N Toaveag

Eiwxova 10: ITivaxag tiuamv Ztparnyikng maximin ke minimax
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AnAad1| cOHE®VA [E TO KPLTHPLo MIinimax, o€ évav mivako TANPOUGV Yo Tov maikt A (Ewkova
10) [66, Ztpoatnywn maximin kot minimax | yivetatl avaeopd otnv dtdreén Oswpio [Toryviov, o
ToikNG A emAéyel ekelvn TV oTpatnyKy Tov Ba Tov dMoEL HEYOADTEPO OO T EAAYIOTO TWV
oelpav (Maximin wj) ko o moiktmeg B emtléyel v otpatnyikn exeivn mov Ba tov dMOEL TO
eMdyoto and ta péytoto TV otnAo@v (minimax ). Ta maiyvio Aépe 0Tt Eel ADom e OUIyEic
oTPOTNYIKEG OTaV 01 OVO TIES TavTICovTan Kot VITAPYEL Eva LovadtKO onpeio 1ooppomiog mov divel
mv T tov maryviov, V (Value of the game), dnhadn otav €xovue éva otabepd amotélecua,
otov 1 TN TOL Tayviov 1600TAL PE TV TIUN TOL TvaKo OmOAdB®V 610 onueio 1oppoTiog Tov

mayviov.

Extoc and tic epappoyéc oty kabnuepwvn Con, epoppoyés g Bempiog moryviov oe
uvbotopnuata, HKpES 1otopiec, og libretto omepog, o aENYMUOTIKA TOWUATO EPELVMOVTAL OO
IGTOPIKNG Kol KPITIKNG dmoyng Kabdg mapatnpeitor Kot avaideTor 0 pOAOG TV cuvousOnudtomv
Kol TV 0pBoAOYIKGOV amoPAcE®V Tov Olapaiveton oe KABe yopaKTNpo TPl TO YEYOVOS OTL
EVOEYETOL VO VILAPYOLY EAMTTEIG TANPOPOPIES CYETIKG UE TO. TPOCHOTO 1) CVIIGTOLYO OO TOVG

TOIKTEG TOV EVOOUPKMVOLV POAOLE N EPAPUOLOVY TOKTIKEG LE GTOYO TNV TPOCMTIKT OPEAELOL.

O Von Neumann (Eikéva 11) anédei&e to 1928 611 o€ maiyvia 600 (2) ToUKTOV PUNoEVIKOD
aBpoicpatog vapyel Eva (edHyoc oTPATNYIK®OV Yo KAOE TaiKTN OV €AM)IOTOTOIEL TNV UEYIOTN

OTTOAELL TOV.

Minimax theorem

From Wikipedia, the free encyclopedia

Aminimax theorem is a theorem providing conditions that guarantee that the max-min inequality is also an equality. The first theorem in this sense is von Neumann's minimax theorem from 1928, which was

considered the starting point of game theory. Since then, several generalizations and alternative versions of von Neumann's original theorem have appeared in the literature.[I?]

Zero-sum Games [edi]

The minimax theorem was first proven and published in 1928 by John von Neumann,®! who is quoted as saying "As far as | can see, there could be no theory of games ... without that theorem ... | thought

there was nothing worth publishing until the Minimax Theorem was proved".*!
Formally, von Neumann's minimax theorem states:
LetX C R" and Y C R™ be compact convex sets. If f : X x ¥ — R is a continuous function that is concave-convex, i.e.

f(v, y) : X — Ris concave for fixed 3, and
f(z,-) : Y — Ris convex for fixed .

Then we have that

r;lea;m;rg;-f(z,y) = rg;yyéa%f(r,y)-

Eiwxova 11: Eixova arnooerilng Ocwpriuaroc Minimax (Wikipedia)
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4.2 Xpnon davew @PAYUATOS Yla THY OTOPUYN THG YEPOTEPHS
AVAUEVOUEVIS ATTWAELAS

[Ma k60e o cuvapTnon KOGTOVG VITAPYEL £va AVCTNPO Ave EPAYHo oL oplobetel TV
EAAYLOTOTOINGN TOL YEPOTEPOL KEPOOVC, diveL Eva LETPO TTOL dev dVVOTOL Vo TO EEMEPACEL TPOG
T0 emGvo [46, Abstract], énmg eényeiton kot oto cvyypaupa. O kdbe moiktmg avdioya av wailet
YPOUUN 1] OTNHAT, EMOUOKEL VO TEPLOPIGEL OGO YIVETOL TNV OVOAUEVOUEVT] XAGOVPA OVE YPOUUN 1
oTHAN avtioTorya, Yopic va Eemepdcel To Oplo, TO HETPO, EAAYIGTOTOIMVTOS TV {nuid Tov pe v
emiluon evog YpapKOD TPOoPAUaTog yioo Thv €0peon WKTHg otpotnykng [18, Lecture 22:
PPAD] kot avapépetat 6to oOyypappo mov avaeépetol oty PPAD. O maiktng mov nailel otiieg
emBupel TV EANYIOTOTOINGT TOL AVOUEVOUEVOD KEPOOVS TOV Kol AmoPacilel va epael avm omd
e dyvootn mocdtro V o yiati o avtimaAdg Tov EMOUOKEL VO HEUDGEL TO KEPAOS OV TOL
avTiotolyel, mailovtag v yepdtepn otpatnyikny pe mbavotnta 1o TANn0og twv ototyeiowv evog
evdgyopévou va ovpuPel ®g mpog 10 SLVOAMKO TANHOC TOV OLVATMOV OTOTEAECUATMOV TTOL
TpokLITOVV. AvticTolyo okéPTeTol Kol Toilel Kol 0 TOIKTNG YPOUU®V HE TNV ¥pNon v
QPAYHOTOC Kot TEPUEVEL OTL O aVTITOAOG TOL o Kavel TG YEPITEPEG KIVAGELS GTO Toiyvio, Ha
eMAEEEL exelvn TV oTpaTNYIKN TOL Bol 0ONYNGEL TOV TOUKTN YPOUU®OV GE XOGOVPM, TNV EANYIOTY

OTOAELD KEPOOVG, TOV TEPLOPIGIO TNG OVAUEVOLEVNG XACOVPAG OVAL YPOLLLLY.
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5.1 To tiugua s avapyias (Price of Anarchy POA)

H pelétn tov tyuniuatog g avopyiog Ponbder otnv aloAdynon g mowdTnTosg TOV
onueiowv 1ooppomiog. To tiunua g avapyiog etvor o Adyog TG TG TG SLVAPTNONG KOGTOVG
010 (YEPOTEPO) AYOTEPO OMOOOTIKO ONUEID 100PPOTING TPOG TNV TN TNG CLVAPTNONG KOGTOVG
o€ mePImTOOoN cvvepyaciog HETaED TV ToukTdv. Eivor 1 mwoidtmta tov onueiov 1coppomiog o€
oxéon pe v PBéAtioTn AVoT cvvepyaciag, 0 AOYOG TOL UEYOAVTEPOVL KOWMOVIKOD KOGTOLG GE
Katdotaon wopporiag Nash mpog 1o eAdy1oTo duvaTd KOW®VIKO KOGTOG (0 AOYOGS TOV KOWVMVIKOD
KOGTOLG TNG YEWPOTEPNC IGOPPOTING TOV TAYVIOL TPOS TO KOWMOVIKO KOGTOG TNG PEATIOTNG ADONC)
[3, Kepdrato 1.1.5]. To tiunua g avapyiog sivarl pio déo tave oty onoia Paciletarl n evpeon
TOALUTTAMY 1GOPPOTLAOV, GUYKPIVEL KoL KATAYPAPEL TNV EALEWYT] cLVEPYOGTOG HETAED TOV TOKTMV
KOl TNG EYOIOTIKNG ovumeptpopds tovg [8, Introduction], 6rwg avaeépetot kot 6to cOyypauua. H
Bértiot TN Y To tipnpo g avapyiog tvol to éva Kot 060 ot LEYOADVEL I avAyKn Yo
ocuvepyacio HeTaEh TOV TUKTOV GavTalel Wovikn, ival 1 avaloyio Tov XEPOTEPOL KOWVOVIKOD

KOGTOVG L0 1GOPPOTING TTPOG TO KOWOVIKO OQPEAOG £VOC BEATIGTOV OMOTEAEGLATOG,

Otav ot maikteg mailovv opBoroyd devphveton M €vvola Tng 16oppomiag kol givat
aVOUEVOUEVO TO Tipmuo g avapyiog va yivetar yepotepo [7, Introduction], 6mov yivetau
avaPOPd Kol 6TO GUYYPOLLLL . ApYIKA TO TIUNWO TG avapyiog GUVEKPIVE Kot OPLE TIG apVNTIKEG

amod0ceEl; €vOG GLOTNWATOS, Tapovcsiale TV EhAeym ovvepyociog. Oswpeitor m yePpOTEPT
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ekd0YnN TOL AGYOL TOV KOWMVIKOD KOGTOG TPog TNV PEATIOTN T OM®G QOIVETOL KOl GTO

ovyypoupa The price of anarchy for polynomial social cost [31, Chapter 1.1].

5.2 Kowwviko koetog

Eivat 10 k66T0g OV KaTABAAAEL 1] KOWV®OVIO 1] [t KOWOTNTO Y10, VO TPOYUaToTon0el pia
dpactnpomta (Yo mapddetypo po epyacia). Opiletar og 10 GOpoIGHA TOL TPOKVTTEL OO OAN
T0L KOOTN OV HETAKVAOVVTOL GTA PLEAT TOV KOWVMVIKOU GLVOAOL OVEEAPTNTA OTd TO EAV TO KOGTN
avtd Papvvovy 1o TPAGMTO €KEIVO TOL amoPActoe OTL Ta KOGTN avtd Bo dnuovpynbovv. Eivan
10 GOpocpa TOL £EMTEPIKOV, €VOG  YEVIKOV - UI OTOMKOD KOGTOLG GTNV OIKOVOUiO Kol TOV
wwtikov koctovg [1, Opiopdg Kowwvikd kdéotn kot o@édn ]. Zav povada upétpnong
YPNOOTOIEITOL Y10 VO EKQPACEL [ YpNUOTIKY a&io Tov amoppéel aAAE KOl TIC EMMTMOCELS TOV

£YEL OTO KOW®OVIKO GOVOAO KOl TNV 0dd0oon dikooovvng (Eikova 12).

Eéwtepixo Iowwtiko Kowawviko

Avtog oL | Avtog nov | EEmtepuco
Kootog | emPapidveton emPapdveTon +

oev armolnuovetor | [dtwtkd

amolnueveTal

Eixova 12 Avopopa oe ewtepixo, 101mTIKO Kol KOIVWVIKO KOGTOS

To kowwvikd kdotog [1, Opiopdg Kowwvikd koot kot opén ], Omwg e€nyeitot Kot 6TIC

onuewwoels Eéwtepikéc AAniemiopdoelg, ivol 10 avapevouevo dfpoopa OAOV TV KOGTOV, TO
dBpotopa Tov KOGTOVG TG adpdvelag, OnAadT| 1o otabepd KOGTOG TOV epPavilel (o eToupeio yuo
TOPASELY O aKOUN KO oV 0V ArTOLpYel. ZTa maiyvia TO aVOUEVOUEVO OTOUKO KOGTOG TOV KaOE
naiktn eivan n avapevopevn adpdvela Tov Ba TpokHYEL amd TV GTPATNYIKH oL B akoAovOncEL
Ye o Nash ioopporio kavévog maiktng 6 pmopel va avéNoel T cLvAPTNON 0PEAOVS TOV
peTaKvoOEVOG o€ GAAN katdotootn, mpoomabel va €xel v Aydtepm yacovpa, 1oyVEL M

1ooppomio. Nash av kavévag maikmg dev dvvatar va BeAtidcel TV omddocn Tov dedopévon 0Tt

AEPBENTZH BAZIAIKH, Mavemotipto Awyaiou, T, Mny/kwv M.E.2 44


https://doi.org/10.1016/j.tcs.2006.07.055
https://ocw.aoc.ntua.gr/modules/document/file.php/SURVEY117/chapter%206.pdf
https://ocw.aoc.ntua.gr/modules/document/file.php/SURVEY117/chapter%206.pdf

Authwpatikn Epyacio: Avamtuén unepkeipevou yia padnolakd avukeipeva o «Oswpia Mayviwvy

Kot 01 VOAOUTOL TTaiKTEG okoAovBovv Vv 1010 oTpartnykn. To BEATIOTO givar 1 Aydtepo duvatn

uéyotn adpavewo [31, Chapter 1.1].
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6.1 AAyopi6uos Lemke-Howson

O Aly6piBuoc Lemke-Howson givar évag adyopiBuoc o omoiog ypnowomoteitol yio tnv
gvpeomn Nash isoppomioc oe éva moiyvio 2 mUIKTOV KOVOVIKNG HOPPNG OTOL Ol TMIVOKES WE TIG
amohaPEC TV TaKTOV ivar TG LopPNG Amxn Kol Bmxn. Ava@opd otov alyopiBuo yivetar mpadn
@opa. o€ €va. cuyypaupa tov Lemke kot Howson 1o 1964 6mov mapatnpeitot opoldtnTo pe Tov
TpOTMO Agrtovpyiog Kot e@apuoyng evog alyopibpov simplex mov epapudletar 6€ Evo YPOUUIKO
TpOypappo 6mov ypnouonoleitatl ywo v €dpeon Nash isoppomioc o€ maiyvio mov égovv v
popon outivaxa. [TAnpoeopieg yia Ti¢ 1010TNTEG KOl TO YOPAKTNPIOTIKA TOV OAYOP1IOLov avTAoVUE
Kot omd v 01aheén tov Adackaldkny [14, Lecture 12] oto MIT (Massachussets Institute of
Technology). H Nash isoppomio. mov mpokdntel o éva maiyvio dutivaxa (4,B) givor éva. cdvolo
LEIKTOV OTPOINYIKGOV NS Uopeng (Xy) dote va epopuoletor n ayvh otpatnyikn ue Oetikn
mhovotnta, (o POVo amd TIG OVVATEG GTPOTNYIKEG OTO OKEPOLO oL ToUlEL 0 €vag €K TV 000
TOKTOV, ONAadN pe mbovotnta ion pe v povado povo otav Bewpeitar 6t Ba £yl 10 KOAVTEPO
OTOTEAECLLO, TO UEYUADTEPO KEPOOG GE GYEOM He TOV OeVTEPO maiktn mov mailel cvvdvacud
OTPATNYIK®V OV EMAEYOVTOL LE TOAVOTNTO HIKPOTEPT TNG LOVADOGS, OTMG OVAPEPETAUL KOl GTO

ovyypouua An Experimental Analysis of Lemke-Howson Algorithm [11, Chapter 2].

O 1poémog mov Ba kvnbel o kdbe maiktng eEoprdtor Kot and tov Tpdémo mov mailel o
avtinaddg tov yti o kébe évog mpoomabel va avénoel to avopevopevo képdog tov. O
aiyopipog Lemke Howson givat o mo yvewotog adyopiBpog vroroyiopov g Nash oopponiag

oe OepNTIKEG Kol EQOPUOGUEVEG TEPLOYESG TTOV AVOPEPOVTOL GE SAPOPOVS TOUELG OT™G eivat ot
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KOW®VIKEG EMOTAUES, M PoAoyio Kot 1 otkovopia, 6mov yivetal avagopd GtV €1G0YMYN TOL
ovyypduuatoc An Experimental Analysis of Lemke-Howson Algorithm [11, Introduction]. H
wooppomio. Nash amoteAel onpoviik ékepacn Adong oty Oswpia moryviov, sivar évag
OLUVOLOGHOG OTPATNYIKOV UeETAED VO AVTITOA®Y TOKTMV, TOV €vOC amd TOVG Omoiove M
OTPOTNYIKY OmOTEAEL TNV KOADTEPN OAmMOKPION OTN oTPOTNYK) Tov GdAAov. Kdbe maiyvio pe
TEMEPAGUEVO TTANOOC TOKTOV KOl GTPATNYIKOV €YEL €va TOLAQYOTOV onueio 1coppomiog
CUUP®VO, LE TO OTTO10 0 KAOE TOUKTNG EMALYEL TNV O GLUPEPOLGA Y10 AVTOV Kivion EEpovTog Tt

EMAOYEG €YEL 0 AALOG TOKTNG KOl TPpooTadmdVTOS Va KoTaAdPel Tt oTpatnyikn B akoAovOncet.

Ta moAvtoma. PéATioTNg amdkpiong pog Ponbodv va €yovpe o yevikn ewova, vo
KOTOVOT|GOVLE KO VO EQPOPLOGOVLE TOV aAyopiOpo Lemke-Howson o omoioc ekppalet To 6OVOAO
TOV KIWVACEOV UG UIKTNG OTPATNYIKNG 7oL €QUPUOLEL O TOIKTNG O€ GLVOVOCUO HE TO
aVaUEVOUEVO KEPSOC OV €xel 0 GAhog maiktng [17, Kepdlao 2.7.2]. O évag amd tovg 600
TaiKTeg, avTdg Tov B EEKIVIGEL TPMTOG LOVO EMALYEL TVYOHO TNV GTPATNYIKY OV O EPaPUOCEL
KOl EVIUEPAOVEL TOV 0e0TEPO okt Tw¢ Oa maiel. O d0edtepog maiktng emiéyel ekeivn v
oTPOTNYIKN OV B0 TOV EMOTPEYEL TO PEATIOTO OVOUEVOULEVO KEPOOG KOL OVTIGTOTYO EVILLEPDVEL
Yo T0 GUVOAO TV Kiviioewv mov Bo axolovOnoel kot mailovv péypt va épbovv oe ompeio
1ooppomiog Nash, oto onueio ekeivo 6moOv 1 AVAALON TOL TPOPIA GTPUTNYIKOV EVOG TAUKTN Eival

N BEATIOTN OMOKPIOT GTNV GTPATYIKN TOV GAAOV TTOUKTY.

Katd v 1ooppomio Nash éva, mpo@il (cuvovacpog mn) oTpotnyIkdV amoteAdel onueio
160pPOTHaG POGOV KAVEVAG TTOIKTNG 0eV £xel KivnTpo povouepmg (Bewpel cuupépov) vo aAldEel
0 1010¢ oTpaTNYIKN VA PAETEL TNV OTPATNYIKN TOL GAAOL TOUKTY, OTWG OVAPEPETAL KOL OTNV
oworeln Oecwpio Houyviov kor Aropacewy OTOL avapEpPeTaL 6T0 Lnucio 1oopponioc kard Nash

[40, Evotnta 2].

I'o vo evtomiotel onpeio toopporiagc Nash otov mivako TV TPoeik TOV GTPATNYIKGOV 1
EMAOYT TOL TOKTY YPOUUDV TPETEL VO, v peyaddtepn 1| ion (Tootikd: kaAvtepn 1 Opot) amnd
KG0e GAAN emhoyn TOL 1010V TOUKTN 6TV GTHAN M KOl TOVTOYPOVA 1| ETIAOYY| TOV TOUKTN GTHAGV
Ba mpémer va ivon peyodvtepn 1 iom (mowotikd: kaAvtepn N 6pota) omd Kabe GAAN EMAOYN TOL

{dtov maiktn oV ypopun N.
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1.1 Haiyvia etabepov alpoicuatoc

‘Eva matyvio otabepov abpoicpatog eivar £va moiyvio avioy®viopob OTov V0 TOIKTEG
opBoAoyIKG OKEMTOUEVOL HE TEMEPACUEVO OPIOUO GTPATNYIKOV Kol OPOPETIKA GLUPEPOVTA
mpoomafovv o Kabe Evag vo emMAEEOLY TNV GTPATNYIKY OV emBVOVY, Eva Talyvio 600 TOKT®V
OTOL Y10. OTOLOONTOTE GUVOVACUO AYVAV GTPATNYIK®OV OV €papUOlovv o1 TaikTeg To ABpoicuo
TOV avTapolPov Tovg 1oovTal pe por otafepd C apyvnTikn 1 0Tk 0TS avaPEPETAL KOl GTO
Bivteo [28, Oswpia [Toryviov Mépog A’]. Mg dAlo Aoyio givan To GOpoispa, T0 GOVOAO OAMV TV
AVTOUOPBAOV TOV TUKTOV OOV £ivar To 1010 aveapTnTa amd TNV GTPATNYIKY TOV £YEL EMAEEEL O

Kk@Oe maiktng [83, Definition].

‘Eva maiyvio otabepol abpoicpotog 6mov 10 cHVOAO OVOUEVOUEVOD KEPOOVG Kol (Nidg
etvatl unoév, onAad”| To KEPOOG TOV EVOC TOIKTN TOV TPOKVTTEL Al TO TPOPIA GTPATNYIKNG oL Oat
epapuooet gtvarl 6o pe v ud Tov GAAoL Taiktn eivor 1 o cvvnOIGUEVT LopPN TTatyvimV
punodevikov abpoicpatog. Xta maiyvia 6tafepol 0fpoiclaToc T0 GUVOAO OV TPOKVTTEL MO TIG
avTopoBEG TV 000 TaKT®V (éva 61afepd ToGHd mov potpdlovat ot 6V0 TOIKTES) 1GOVTAL LE TNV
otafepd € Omov otav givar BeTikn €xovv GLUEEPOV KOl MPEAOVVTOL KOt O OVO TOUKTES EVA OtV
givar apvnTikn ot maikteg Oa Tpénet va popactoy v {nuid [66, Iaiyvio 600 mtouktdv ctabepon

abpoioparog].

Ta maiyvia otaBepol abpoiocpatog givar un cvvepyatikd matyvio 6mov o kdbe maiktng

EMAEYEL TNV OTPOTNYIKT TOL emBupel LOVOG TOV PE GTOYO TNV LEYIGTOTOINGN TOV TPOCOTIKOV
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TOV KEPOOLS KOl TNV Am®AELY, TNV (Nid Tov GAAov maiktn, ot waikteg dgv cuvepydlovtal peta&hd

TOVG, OEV EMKOVMVOVV.

Mo wpadtn cvotnuoatiky perétn omv Oeopio tov IHouyviov mopovcidomke ond Tov
Cournot, I'dAAog otkovopoAdyog kot padnuatikdg [67, Article], 6mov to 1838 £xoave avapopd
010 TPOMO Acttovpyiag OVO EMYEPNOEDV GE M0, OKOVOUIKY] ayopd, Omov m kdbe etoupeio
ovuvayoviCetor 1 o Ty AN vy T0 T0600T0 KéEPdovg mov Ba siompael. To 1921 o Borel
I'dAhoc pobnuatikog kot moltikoc [81], ocvvéyioe v avdivon oe yevikd maiyvia, undevikon
afpoicpartog, Tapovsioce moiyvio pe TNV LOPPN TIVAK®OV OOV KOTEYPOPE TO. ATOTEAEGLOTO, TMV
TOKTOV 00 TO GLVOLOGHO CTPOTNYIK®OV TOV &lxe epapuoocel o kabe évac. Tlapovoidonke kot
amoTLTOONKE GTNV GLVEYEIN HECO OO TIC LEAETEG KOl TNV oLYYpaP TV 10emv [64, Kepdloio
1.2] ka1 anoteleoudtov avtiotoyo oto PiPrio “Theory of Games and Economic Behavior”

(1944) om6 tov John von Neumann kot tov Oskar Morgenstern [81]. O John von Neumann

TpoY®pAsl oty omdoeln ¢ vmapéng opBoAoyikng Avong oe mpoPAnpote pundevikov (N
otafepov) abpoiopatoc pe ovo maikteg. O tpdmog emilvong tov malyviov &vog otabepov
afpoicpartog ival o id10¢ mov ypnoomTolEiTOL KOl GTO Taiyvio Undevikov abpoiopatoc. Méoa
and ™ Oewpia maryviov Tpoceyyiletol 1 GLCTNUATIKY LEAETN €VOG TEdIOL TOL TNYALEL amd TIg
AVAYKES TOV avOpOTOV VoL TPOGOI0PIcCOVV KOt VO TPOGEYYIGOLV Ta TPoPANLate Tov emintovcoy
Adon pe otoyo TG KoAOTEpEG oLVONKeES OPimong, to peyohvtepo O@eLOc mov Ba elyav
eMAEYOVTAG 0pOOAOYIKA TIG KIVIGELS eKEIVEC TOL poONUaTIKE B TOVG EMEPEPE TO UEYIOTO KEPOOG

[64, Kepdarowo 1.2.1].

H Boaocwn popen avamopdotoong €vOc Un GLVEPYOTIKOV Toyviov &ival 1 EKTETAREVT
popon [48, Kepdroto 3.1] kot 1 kavoviky. Ta maiyvia pe Kovoviky popen omeikoviovran pe v
popon Tivaka mov delyvel TOVS TAIKTES, TIG GTPOTNYIKES OV AKOAOLOOVV KOl TIS AmOAXPEG OV
npokvTTovy. ['evikd pmopovpe vo mwovdpe OTL £(€L TNV LOPPT UG GLVAPTNONG OV GUVOEEL TIC
amoloféc mov TPokLITOVV Yo KABe Taiktn pe KABE SLVVATO GUVOLAGUO KIVIIGE®V OV
TPOYUATOTOLEL. TNV EKTETAREVN LOPPN 1 0dOOCT TV Tatyviov yIveTol Le TV Lopen 0EVTIPOL
omov «kdBe wOpPoc ocvuPoriler v amd@acn ToL KAOe maikTn KOl TO OVOpO TOL  TOIKTN
eaiveror ovvnbwg dimha otov kopPo [54, Chapter 7.2], énmg meptypdPeTar Kot 6GTO GUYYPOLULLOL

Theory of Games: An Introduction.
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8.1 Zvvovactiky Beltioromoineny (Combinatorial Optimization)

Amo v amoym ™¢ Emotmung Yroloyiotov n Zvvovaotikny Bedtiotomoinon emdidket,
pe padnuotikég nedddovg, va Pertidoel Evay adyopBpo gite peudvovtog TNV opdoo 0E00UEVOV
(amd 6mov avtiel otoyeio 0 aAyOpBpog) gite emTayvvovtag Tov PuOud Enelepyaciog Asdopévmv

[13, Preface].
IMa va ptdoovpe otov mapondve opiopd Aappdvoovpe v’ Oy Ot

A) H yprion g Luvdvaotikng (Combinatorics),yw v Peitioon alyopibuov [69, Lecture
1.1] pe Zvvdvootikny Bektiotonmoinor, apopd cOvOeTa epOTHUATA TPOC GUYKEKPIUEVT] OUASOL
JEOOUEVOV Y10 TO TTOL0L TOLPIACHOTO OLOUPOPETIKMY E0MV OEOOUEVOV (YPAUPNLATO, OLOOOTOMGELS
otoyeinv, ToAvtoma, Matroids) -ouadonotoelg Sed0UEV®Y YPAUUIKOD TPOYPOUUATIGHOV-, Eival

Nno1M YVOoTd.

B) Ta IlpoPiquata  Atwokpitg BeAtiotomoinong (Discrete Optimization Problem)
EMOUDKOVV VO TPOGOOPIGOVV TNV KOADTEPN EVOEXOUEVT] ADOT HECH OO TEMEPAGUEVO GUVOAL

TOAVOTNTOV (EVOEXOUEVOV ADCEMDV).

8.2 Teyvikés Movtelomoineng

Ot tgyviKéc poviehomoinong ota maiyvio eivatl ot amo@dcels, o Tpdmog Tov anoPacilovv
vo ToiEovV 01 TOUKTEG E OMADTEPO GKOTO TNV PEATIOON NG TEYVIKNG KOl GTPATNYIKNG 7oL O

axoAovOncovv Yo va kepdicovv [50, Kepdiato 6.5]. Me tov 0po LOVTEAOTOINGT EVVOOVUE IdL
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JtdKacion vATTLENG KO LEAETNG TNG OTPATNYIKNG TTOL 0mopacilel va maigel o Kabe TaikTNG IOV
oTOY0 £xel TNV awéNoT TOL AVOUEVOUEVOL KEPOOLS TOV epapudlovtag Kamoleg texvikés  [50,
Kepdiawo 6.1]. O maiktng ekmondedetor péoa omd TIC TEYVIKEG HOVTEAOTOINONG HE GTOYO TNV
EPOPUOYN TNG PEATIOTNG OTPATNYIKNG MDOTE VO UTOPEl Vo UEAETA TIS KIWVNOELS KOU TNV
CUUTEPIPOPE TOV AAA®V TOUKT®V, VO OAAACEL TV GTPOTNYIKN TOV Kot Vo TPpooTadel Vo LEDMGEL
T AGON ekeivov TOV KWWACE®V TOL TOV 0dnyoOV omnv peylotomoinom g {nudc

[50, Kepdarao 6.4].

8.3 Zouuetpiro waiyvio (Symmetric game)

‘Eva matyvio 600 Touktdv oTpatnyIkng Lopens KoAEital COUUETPIKO OTav o1 000 TOUKTES
E€papuolovy TIg 101EC OTPATNYIKES KOl Ol GTPUTNYIKES TOVG AVATOPIGTAVTOL OO TIC GLVOPTHGELS
apopav Ua kot Us 6mov woydet Ua (S1,52)= Us (S52,51) 7y ké0e mbovd mpopid otpatnyikdv
(S1,S2) [51, Chapter 2.10].

‘Eva mayvior elval coppetpikd otav ot kavoveg oev dlaywpilovy Tovg maiktes kot ot 000
TAUKTEG £YOVV TIG 1016¢ eMA0YEG, Exouv TI¢ 101 drubéoueg otpatnykég [23, Opiopdc Zvuuetpiko
[Maiyvio]. ‘Eva maiyvio KoAeitor oLUPETPIKO OTAV TO OTOTEAECUO OV TPOKVMITEL Omd Uid,
OLYKEKPIUEVN oTpatnyikn e€aptdtor amd TiG oTpatnyikés mov moilel o KaABe maiktng, To
AVOUEVOUEVO KEPOOC Tov TpokVTTEL PocileTonr oV oTpatnyK Tov axolovdeitoan aveEdptnTa
and tov moiktn mov v emiléyel. Otav 1 TavtdmTo TOVv TTOUKTN popel va aAAdEel ympig va
EMPEPEL AAAOYT) OTO KEPOOG TOTE TO TOyV1O Bempeiton GUUUETPIKO.

Kabe maiktng €xet 1010 GOVOAO GTPATNYIKOV KOl TO OVOUEVOUEVO KEPOOG TOL TPOKVTTEL
eCaptdtor amd TNV GTPUTNYIKN TOV EQAPUOLETAL Kot Ol TOLOG TOIKTNG £XEL XPNOYLOTOMGEL TV
otpatnywn. H copperpia fondaet oty amddoom g Avong tov mpoPAruatog mov otnpiletot og
avaALTIKES kol aAyoplOuikég pebdoovs. ‘Eva maiyvio Bewpeitor ocoppetpikd otav ot moikteg
umopov va maifovv Tig otpatnykég [56, Evotnrta 5: Xvppetpicd [Maiyvia] omog meprypaeeton
Kol 6TV Jd1aAecn mov yivetar avaeopld 6To LopuueTpikd Toiyvia Kol oTiS COUUETPIKES 100PPOTIIES,
pmopovv vo maiEovy 101eg KIVIGELS Kol Y10 TOVS 1010V¢ GUVOLAGHOVS KIVGE®V £XOVV TIG 101€¢
amoraPéc. ‘Eva mapdoetypa coppetpikov moryviov etvon 7o Aidnuua tov @Poviokiougvoon, tvon Eva
ovppetpikd maiyvio [51, Chapter 2.10] 6mov kot ot dV0 PLANKICUEVOL £X0VV TIG 101G EMAOYEG,

o6tav Ba opoAioynocovv kot ot dvo Ba Egovv Vv 10 mowv Kot ot dVvo kaBmg Kot ov dev
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OLLOAOYNGOVV, OTAV OLOAOYNGEL O £VOG €K TOV dV0 £YEL GLYKEKPIUEVO KEPOOS aveEAPTNTA OO TO
TO10G OPOAOYEL.

Ye éva CLUUETPIKO motyvior pmopel vo Pacicfel kKoau 0 oplopdg TG GULUUETPIKNG
1ooppomiag Omov TapaTnpeital oe malyvia 000 (2) TUKT®V OV €QUPUOLOVY ayvh GTPOTIYIKY,
emAéyouv v O otpoatnykn. H cvoppetpio mov vapyetl ota maiyvio pmopel va ypnoionomel
Kol TNV €niAvom ayviov pe v xpnon GAAov odyopliuwmv, yo v €0pect 1coppomiog, Omms o

Lemke-Howson o¢ maiyvia 2 nouktov (Sutivaika — bimatrix) [10, Chapter 4].

8.4 I'eviko maiyvio un unoevikov alpoicuoros

Ta matyvio un undevikov abpoicpartog sivon maiyvia 6mov kot ot 600 moikteg pmopodv va
Kepoioovv 1 va ydoovv Vv 1010 oTiyun avaioyo v otpatnyiky mov Oa akoAovOncovy dmmg
AVOPEPETAL KOl GTOV 0ptoud oL SiveTon yio éva Taiyvio un-undevikov abpoicuatog [86, Opioudg
[Maiyvio Mn-Mndevikob abpoicuatog]. Tta maiyvia un pundevikod abpoiocuatog n KOTAOTOOT
elval o aop1lotn yoti 6 TETO0G LOPENG Oy VoL OEV TPOKVITTEL YPNUATIKY 0&io, OEV TPOKLITEL
KEPOOG, TO GLVOMKO OQEAOG Y10, OAOVG TOVLC TOLYTEG OV CLUUETEXOVV €ivol PNOEVIKO Kol Ol
malyteg 0ev €YoV PBEATIOTI OTPOTNYIKY, OV £XOLV KATOI0 GLUYKEKPIUEVO oTafePd €1GOMUO Kol
EKQPALETOL [LE TV LOPPN OVO TIVAK®V.

Epappoyéc maryviov pn undevikod abpoicpatog mopotnpodviol OTOV TOHEN TNG
OIKOVOUING OTMC Yo TOPAOEYUO UETAED ETOUPEIDV KOL TNG TWWLOAOYIOKNG TOAMTIKNG 7ov Oa
EQUPUOCOVV MOGTE VO TPOKLYOLV £6000, ADENCT TOV E000WV Ko Y10, TIG 000 gTanpeies. O maiyng
OlKATEYETOL OO U0 OTao1000EN Aoyikn Ot o GAAog maiytng 6o mpoPel otnv emhoyn

OTPOTIYIKNG TOV LEYIGTOMOLEL TNV 1K1 TOV MQEAELQL.
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H Oswpio moryviov amotelel éva medio peAétng mov Exel eQopproyEg o€ TOALOVS TOUEIS TNG
kaOnuepwvng (mng, o€ €va €upy TANICIO OIKOVOUIK®OV, TOMTIK®OV Kol W0TPIKAOV EQUPUOYDV.
[Maiyvia youyoloyikng diepediviong OTOL 0 aVOPAOTIVOS TOPAYOVTOS EVOL OVTOC OV OTOPGILEL
opBoroywd yo Tnv otpatnyikn mov o akoilovnoel péoa and Eva TANIGIO KAVOVOV PE GTOYO

TNV UEYIGTOTOINGT TOV KEPOOLG TOV.

Méoa and 1 Ocwpio moryviov mpoceyyiletor 1 GLGTNUATIKY] HEAETN €vOG Tediov TOL
mYdalel amd T avayKeS TV avOpOT®Y Vo TPOGO0PIGOVV Kol Vo TPOGEYYIGOLV T TPOPAr|LaTa
mov emlntodv Avomn. ‘Evvolec Onmg maikteg, opoés, otpatnyikéc, pewtn icoppomio Nash
ovvBétouv v Oewpia Taryviov Ko Bonbodv oty katavonon g Hésa omd TopudEiyoTo TOL
Bacilovion oTig avOpOTIVEG GYECEIS, GE OVTAYWVIOTIKEG GUUTEPLPOPEG KAONDC Kol GE GYEGELS
ovvepyaciog mov Pacilovion oto apofaio cvpeépov Odmwg mopatnpeital oto Ailnuuo Tov

POAOKIOUEVOD.

Meletdvtag TiG epapuoyés g Oewpilog moryviov pmopovpe vo katoaAnovue oe
CLUTEPACUATO TTOV TPOEPYOVTOL ATTO TPOPANUOTO TOV EUTAEKOVTOL TEPICTOTEPOL TOV EVOG ANTTTES
AmTOPACE®Y OOV TOIPVOLV OMOPACEIS TOVTOYPOVA Kol G OAANAEEAPTNON EMOIDKOVING VO
emAéouv Vv Péitiot Aon. H Oewpio moryviov sivor 1 podnuotikny pedétn mov o&Hvel 1o
TVeELULO, OMUIOVPYEL TIC KOTAAANAEG TpobmoBEéacelg pelétng Bepdtov g kabnuepvotntoag mov
EXYOVV TPOKTIKY EQOPUOYN OTIS O1EOVEIG oYEoElg, o1V PIAOCOMIn, GTNV UNYOVIKY, OTNV UEAETN
OIKOVOUIK®OV GUUTEPIPOPDV KOl GTNV TPOTO TOL GKETTOVTIOL KOt ATOPAcifovV Vo EVEPYCOLV Ol

GUULUETEOVTEC.
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